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Abstract
State space model (SSM) provides a general and
flexible forecasting framework for time series.
Conventional SSM with fixed-order Markovian as-
sumption often falls short in handling the long-
range temporal dependencies and/or highly non-
linear correlation in time-series data, which is cru-
cial for accurate forecasting. To this extend, we
present External Memory Augmented State Space
Model (EMSSM) within the sequential Monte
Carlo (SMC) framework. Unlike the common
fixed-order Markovian SSM, our model features an
external memory system, in which we store infor-
mative latent state experience, whereby to create
“memoryful” latent dynamics modeling complex
long-term dependencies. Moreover, conditional
normalizing flows are incorporated in our emis-
sion model, enabling the adaptation to a broad class
of underlying data distributions. We further pro-
pose a Monte Carlo Objective that employs an effi-
cient variational proposal distribution, which fuses
the filtering and the dynamic prior information, to
approximate the posterior state with proper parti-
cles. Our results demonstrate the competitiveness
of forecasting performance of our proposed model
comparing with other state-of-the-art SSMs.

1 Introduction
Time series forecasting is vitally important in real world ap-
plication, such as demand forecasting, optimizing business
processes and financial risk management. One popular prob-
abilistic time series forecasting framework is the state space
models (SSM), whose key idea is to create a generative model
of the data in terms of latent variables that captures the tempo-
ral evolution of the system (i.e., state transitions) , in compar-
ison with many other non-generative models, such as Trans-
formers [Wen et al., 2022], that normally require a lot of
training data. The prediction of the observations can be ob-
tained by the state’s posterior estimation of the previous time
step and the dynamic model of the state. SSMs are flexible
for complex data patterns and are scalable to large datasets,
while not accumulating errors as autoregressive models for
multi-step forecasting.

One main challenge of SSM is its inference method.
Specifically, for Linear Guassian SSM, straight-forward al-
gorithms, such as Kalman Filter (KF), can be used to accu-
rately infer the posterior state, but for other non-linear SSM,
many early methods suffer from scalability problem, which
leads to the development of the following methods to approxi-
mate the posterior distribution more efficiently: i) Variational
Inference (VI); ii) Sequential Monte Carlo (SMC) or parti-
cle filters using weighted particles iii) Variational Sequen-
tial Monte Carlo (VSMC), combining VI and SMC, which is
more flexible, accurate and more efficient, allowing increased
number of particles.

Another challenge of SSM is the transition dynamics.
The canonical SSMs follow the assumption of fixed-order k
Markovian state transition, such as KF and other non-linear
extensions, which is insufficient to characterize many systems
of practical relevance. The failure of fixed-order Markovian
state dynamics to learn long correlation or to model com-
plex state dynamics quantitatively [Bialek et al., 2001] leads
to the following VI-based SSM works. [Alaa and van der
Schaar, 2019] applies attention mechanism into the SSM to
model disease progression. [Chung et al., 2015] (variational
recurrent neural network, VRNN), [Fraccaro et al., 2016]
(stochastic recurrent neural network, SRNN), and [Krishnan
et al., 2015] (Deep KFs) solve the non-fixed-order Markovian
problems with gating mechanism, such as Long Short-Term
Memory (LSTM) and Gate Recurrent Unit (GRU).

However, these non-fixed-order Markovian models for
time series face a common challenge, i.e., the state transition
dynamics is based on the historical context with finite length,
suffering from the limited storage capacity of memorized
history. We therefore propose the combination of memory-
based non-fixed-order Markovian models and SMC to relieve
this limitation, as SMC can achieve scalable state posterior
estimation, fully utilizing the stochastic particles (samples),
which to the best of our knowledge, has not been attempted.

To address these problems, we propose External Memory
Augmented State Space Model (EMSSM), which provides
multi-step ahead probabilistic forecast with non-Markovian
state transition and does not accumulate prediction errors like
autoregressive models [Rasul et al., 2020; Rasul et al., 2021;
Salinas et al., 2019]. The prior transition of EMSSM is aug-
mented with external memory network for efficient learning.
Our external memory is designed to preserve not only the
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context window but all the historical states, while fusing the
information with noisy particles. In addition, we incoporate
VSMC [Naesseth et al., 2018] as the inference algorithm,
and the accurate posterior state with weighted particles sam-
pled by VSMC can be stored in the external memory. Further-
more, resorting to Normalizing Flows (NF) as the emission
model, EMSSM can adapt to data of complex distributions
and high-dimension.

In summary, the main contributions of this paper are the
following:

• A novel external memory augmented SSM architecture
equipped with conditional NF to forecast multivariate
time series with high-dimensional complex data dis-
tribution, yielding competitive performances compared
with other SSMs in real-world datasets

• The demonstration that external memory can efficiently
utilize the weighted particles sampled by VSMC and can
handle the long-term nonlinear temporal dependencies

• A powerful dynamic function better expressing partially
predictable observations, contributing to lower KL di-
vergence in comparison to other SSMs

The paper is organized as follows. We first illustrate the
problem definition in Sec.2, and then we review the related
literature in Sec.3. The generative and inference model are in-
troduced in Sec.4. Experiment and Conclusion are presented
in Sec 5, Sec.6, respectively.

2 Problem Definition
The general probabilistic time series forecasting problem is
defined as follows. Let yt ∈ Rv and xt ∈ Rk denote
the time series target, and the time-varying covariate (in-
put) vector, repectively, at time t. SSM models the tem-
poral correlations and long-term dependencies among ob-
servation vectors y1:T := [y1,y2, ...,yT ] via unobserved
(latent) state representation z1:T := [z1, z2, ..., zT ], where
z ∈ Rd. SSM is characterized by transition distribution
zt ∼ p(zt|z<t,xt) = fθ(·|z<t,xt) and emission distribution
yt ∼ p(yt|zt,xt) = gθ(·|zt,xt), where θ denotes the pa-
rameters of the generative model. The conditional transition
density fθ(·|z<t,xt)) models the temporal dynamics of the
system, which defines how the latent zt is updated given the
input xt and the previous states z<t. The noisy observation
variable yt is generated by the latent state zt via the emission
density gθ(·|zt,xt), given the current state zt and input xt.
Under the assumption of SSM and d-separation properties of
the graphical model, the joint distribution p(y1:T , z1:T |x1:T )
can be factorized as:

p(y1:T , z1:T |x1:T ) =

T∏
t=1

p(yt|zt,xt)p(z1)

T∏
t=2

p(zt|z<t).

3 Related Work
3.1 Inference of SSM
For linear Gaussian systems, Kalman Filter (KF) can be used
to solve the inference problem analytically. In contrast, for
non-linear SSM, the exact inference becomes intractable and

many approximate algorithms have been proposed, which can
be summarized as follows:

• The deterministic methods such as the extended KF and
Variational Inference (VI) [Arasaratnam and Haykin,
2009; Blei et al., 2017]. These methods can quickly ap-
proximate the posterior state, but lack accuracy.

• The stochastic methods, such as particle filters or
smoothers that approximate the exact posterior distribu-
tions using a set of weighted samples (particles) via se-
quential Monte Carlo [Gordon et al., 1993; Kitagawa,
1996], can get faithful posterior estimation, but suffer
from inefficiency.

• The hybrid algorithms, such as stochastic VI [Krish-
nan et al., 2017; Karl et al., 2016] and variational
SMC(VSMC) [Naesseth et al., 2018; Maddison et al.,
2017; Le et al., 2017], can balance between efficiency
and reliability of the posterior estimation, and here in
this work, we adopt VSMC to approximate the poste-
rior distribution using augmented proposal distribution
in SMC with variational distribution.

3.2 Memory-based Approach for Complex System
Internal Memory. Constructing the well-defined transition
dynamics for the state is vitally important in SSM. Conven-
tional SSMs follow the fixed-order Markovian dynamic as-
sumption, ignoring the long-term complex temporal depen-
dencies. A lot of effort based on the VI framework has
been devoted to overcome the flaw of this naive assump-
tion. [Chung et al., 2015](variational recurrent neural net-
work/VRNN), [Fraccaro et al., 2016](stochastic recurrent
neural network/SRNN), [Krishnan et al., 2015](Deep KFs)
utilize LSTM or GRU to model the state dynamics while pre-
serving the information over long intervals. Such recurrent
dynamics, integrating both the computation and the memory
storage, can be regarded as internal memory, which has two
major drawbacks, i.e., poor scalability and restricted capabil-
ity to distill information over the context of limited length.
External Memory. External memory-augmented neural
network (MANN) has been used to increase the network ca-
pacity and to better capture long-term structure within se-
quences. It was originally proposed in [Weston et al., 2015]
and expanded in later works [Sukhbaatar et al., 2015]. The
combination of memory buffer and differentiable addressing
mechanism has been developed to alleviate the memory ca-
pacity constraint in several tasks such as natural language
processing [Kumar et al., 2016; Sukhbaatar et al., 2015] and
algorithm learning [Bošnjak et al., 2017].

Motivated by the success of external memory in various ar-
eas, we incorporate the same mechanism into SSM to model
the transition dynamics of time series, to address the limi-
tation of internal memory. External memory here stores the
accurate posterior state with weighted particles sampled by
VSMC, which facilitates the main idea of our framework, i.e.,
similar target evolution over time corresponds to similar hid-
den states and the same target value will appear again with
high probability. We will demonstrate later that the search
and retrieval of similar posterior state preserved in external
memory improves the forecasting performance.
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(a) EMSSM (b) External Memory

Figure 1. (a) Graphical structure of the proposed EMSSM with the generative and inference processes. EM denotes the external memory and
ht denotes the hidden state of RNN. The pink solid line and sky blue solid line indicate the generative process of encoded vectors ΦEM and
ΦIM, respectively, and the red dashed line indicates the inference process. (b) The external memory structure corresponds to EM in (a). “key”
and “value” represent Mk and Mv in eq.2, respectively. Here we retrieve two nearest neighbours to [zt−1,ht] and generate the context ΦEM

.

4 Memory-Augmented State Space Model
In this section, we describe the proposed External Mem-
ory Augmented State Space Model (EMSSM), whose overall
structure is illustrated in Figure 1. Unlike VRNN or SRNN,
we add the additional dependency on the external memory
when generating zt, and the whole memory architecture con-
sists of internal memory and external memory listed below:

• Internal Memory corresponds to GRU network, distill-
ing the information from local context window.

• External Memory memorizes the historical state transi-
tions, which integrate information of the past states, co-
variates and targets, recording both the global temporal
pattern ( which cannot be distilled from the local con-
text window) and the stochastic part of p(zt|z<t,xt) in
the past context. Figure 1(b) shows the schematics of
External Memory.

4.1 Internal Memory
Internal memory is constructed with GRU network, which
recursively preserves information into a vector with fixed
size for later retrieval. Given the previous latent state vector
zt−1 ∈ Rd, the previous hidden state ht−1 ∈ Rl, the co-
variate input xt and the multi-layer recurrent GRU network
fGRU with parameter θ, at every time step, GRU updates the
current hidden state ht and outputs the encoded dense vector
ΦIM, which fuses the information from the local context:

ΦIM,ht = fGRU([zt−1,xt],ht−1; θ). (1)

Above RNN encoded context information is the major com-
ponent proposed in VRNN and SRNN, with a major draw-
back that no global information is shared among different
time windows. Especially for the historical latent states fur-
ther away from the current window. For example, in the
demand-forecasting scenario, the latent state of the same hol-
iday last year may be an important reference of the demand
estimation for the current year. To overcome the limitation
of internal memory, we propose to use the additional external
memory.

4.2 External Memory
Unlike the internal memory, the external memory with size
L is a refreshed buffer, storing the historical posterior state
transitions. The external memory distills the stochastic in-
formation of p(zt|z<t,xt) depending on noisy particles of zt
which is conditioned on zt−1 and ht. The external memory
consists of both key and value memories:

Mk =

[
z1,h1

· · ·
zL,hL

]
∈ RL×(d+l), Mv =

[
z′1
· · ·
z′L

]
∈ RL×d, (2)

where zi ∈ Rd represents the previous state, hi is the GRU
state, and z′i ∈ Rd represents the transitioned state.

In SSM, KL divergence KL(q(zt|xt,yt)|p(zt|zt−1,xt))
quantifies the additional information besides the prior knowl-
edge over the latent state when predicting the current obser-
vation. KL divergence being zero means that the current ob-
servation can be well predicted by the prior information de-
fined by the transition distribution alone. But the prior knowl-
edge or the prior construction function generally does not
have all the information, which contributes to the discrep-
ancy between the real target and the prediction, e.g., fore-
casting the sales amount during promotions. To bridge the
gap between the prior and the posterior, we employ exter-
nal memory to record the historical state transitions, i.e., the
non-parameterized distribution mapping M : zt−1 7−→ zt
between the previous (zt−1) and the post latent states (zt). zt
is obtained as the weighted average of all P particles from the
sequential Monte Carlo (SMC) algorithm:

zt =
P∑

p=1

ωpz
p
t (3)

As a result of equation 3, we do not keep all the P par-
ticles {zpt }Pp=1 for computation efficiency and space saving
purposes.
External Memory Controller. When training random se-
quences in every batch, the weighted latent state zt (equa-
tion 3) and hidden GRU state ht =

∑P
p=1 ωph

p
t form the
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state transition pair {[zt−1,ht], zt} that is written into the
memory. To eliminate the information retrieval redundancy,
we perform the state vector neighborhood subset generation

Msub
v := {[zj ,hj ]}1≤j≤L ⊆ {[zi,hi] ∈ Rd+l}Li=1

via the function fn(·) such as the kd-tree, cosine similarity,
Euclidean distance, etc. Then to retrieve the memory vector,
we use the function fw(·) to yield soft attention weights or
the average weights wt.

Lastly, the retrieved external memory context ΦEM is a
weighted sum of the row vectors of Msub

v with weights wt:

Msub
v = fn(zt−1,ht,Mv),

wt = fw(zt−1,ht,Msub
v ),

ΦEM = wtMsub
v . (4)

The final memory output context Φt is the concatenation of
the GRU output ΦIM obtained in equation 1 and the external
memory output ΦEM obtained in equation 4:

Φt = [ΦIM, ΦEM], (5)
which is then fed into the generative model in equation 6 be-
low.

4.3 Generative Model
In the state space model, firstly we focus on the joint distri-
bution of the latent states and observations which consists of
the transition and emission distribution. The overall joint dis-
tribution in our EMSSM can be modeled via the following
factorization:
p(y1:T , z1:T |x1:T ) = p(y1:T |z1:T )p(z1:T |Φ1:T (x1:T ))

=
T∏

t=1

p(yt|zt)︸ ︷︷ ︸
Emission

p(zt|Φt(zt−1,ht−1,xt))︸ ︷︷ ︸
Transition

,

(6)
where Φ1:T is the output of the external memory system de-
fined in equation 5.
Transition Distribution. The transition distribution de-
scribes how the dynamic states zt evolve with the prior
knowledge xt, andz<t. In the classic KF, the state zt has the
linear map with covariate xt and the previous state zt−1. We
adopt the external memory to model the state evolution to
better capture the long-term dependency:

zt ∼ fθ(·|Φt(zt−1,ht−1,xt)), (7)
where zt−1 is the stochastic latent state, ht−1 is the determin-
istic hidden state of GRU and xt is the covariate. The transi-
tion density function fθ(·|Φt(zt−1,ht−1,xt)) is specified as
a diagonal Gaussian distribution with mean and variance pa-
rameterized by the output of a multilayer perceptron (MLP)
network by the memory context Φt using the reparameteriza-
tion trick.
Emission Distribution. The emission model describes the
time series data generation process. In order to adapt to high
dimensional complex data distribution, we combine the mul-
tilayer perceptron transformation and conditional normaliz-
ing flow (CNF). The emission distribution is modeled by the
following formula:

yt ∼ gθ(·|N (0, I), hθ(zt)), (8)

where the emission density function gθ(·|·) is a CNF trans-
forming the base distribution N (0, I) to a complex target dis-
tribution. For NF, the base distribution p(X ) can be mapped
to the data distribution p(Y) via multiple coupling layers:
X 7→ C(0) 7→ C(1) 7→ · · · 7→ C(n) 7→ Y . The relation
between the probability density (PDF) p(X ) and p(Y) can
be expressed by the change of variable formula: p(X ) =
p(Y)

∣∣det
(
∂Y
∂X

)∣∣. We build our model block by adopting the
non-volume preserving flow, such as RealNVP [Dinh et al.,
2016] whose Jacobian determinant is a lower triangular ma-
trix that can be efficiently computed. p(X ) is chosen as the
standard normal distribution X ∼ N (0, I) and the coupling
layer output C(i) is conditioned on the latent state zt, which
means the mapping varies with time via the CNF mechanism.
The nonlinear transformation function hθ(zt) is implemented
by multilayer perceptron (MLP) network with input zt.

4.4 Inference and Parameter Learning
Sequential Monte Carlo. Given the observations y1:T and
covariates x1:T , we want to infer the posterior states z1:T and
learn the parameter θ of the generative model for our dynamic
SSM. To learn θ, one can maximize the marginal probabilistic
density p(y1:T ) by integrating out z1:T :

p(y1:T ) =

∫
p(y1:T , z1:T )dz1:T .

However, the above integral cannot be carried out analyti-
cally because the generative and emission models are imple-
mented with a neural network, for which we employ the tech-
nique of VI [Blei et al., 2017] to convert maximizing the
marginal probabilistic density into maximizing the evidence
lower bound (ELBO), using the concavity of log function and
Jensen’s inequality.

F(θ, ϕ) = Eqϕ(z1:T )[log pθ(y1:T , z1:T )− log qϕ(z1:T )]

≤ logEqϕ(z1:T )
pθ(y1:T , z1:T )

qϕ(z1:T )
= log p(y1:T ),

where qϕ(z1:T ) is taken from a family of distributions with
parameter ϕ. Following the recent development of the
Bayesian inference, we perform the variational sequential
Monte Carlo (VSMC) algorithm with P particles [Naes-
seth et al., 2018], which uses the variational distribution
as the proposal distribution. The algorithm gives an un-
biased estimate of the marginal likelihood p̂θ(y1:T ) =∏T

t=1[1/P
∑P

p=1 ω
(p)
t ], where ω

(p)
t is the unnormalized im-

portance weight of particle p at time t and maximize the sur-
rogate ELBO

F̃(θ, ϕ) = Eqϕ(z1:T )logp̂θ(y1:T ).

After training the objective, the proposal distribution for the
inference is learned simultaneously. The biased gradient of
surrogate ELBO ∇F̃(θ, ϕ) ≈ Eε∼N (0,1)[∇ log p̂θ,ϕ(y1:T )],
omitting the score gradient term, is applied to maximize
F̃(θ, ϕ), which leads to faster convergence as the prior and
the posterior distributions are reparameterized with the pa-
rameters θ and ϕ.
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Figure 2. The average Kullback-Leibler divergence (KLD) (lower is better) for our model and other SSMs (VRNN, SRNN and Latent only)
on three real world datasets.

Proposal Distribution. A good estimate with low variance
using the SMC algorithm relies on the design of the proposal
distribution. Our proposal distribution utilizes both the prior
knowledge Φ of of the predictive prior dynamics in the gener-
ative model and the observation yt. The proposal distribution
uses GRU as the base feature extraction network to learn the
filter or smoothing posterior collecting the information in all
time steps. The encoded feature at ∈ Rp is generated by
passing the target value yt and covariate xt to the GRU net-
work. The final proposal context Ψ is the concatenation of
memory output context Φ and encoded feature at:

z̃t ∼ fϕ(·|Ψ), Ψ = [Φ,at],

zt = z̃t + zprior,t.

The inference density function fϕ(·|Ψ) is also specified as
a diagonal Gaussian distribution whose mean and variance
are parameterized by the output of a multilayer perceptron
(MLP) and inference memory context Ψ using the reparam-
eterization trick. Here, motivated by the work of [Fraccaro
et al., 2016], rather than directly learning zt, we learn the
residual term z̃t between the true posterior zt and prior mean
zprior,t, i.e., z̃t = zt − zprior,t. Equivalently, the final posterior
zt = z̃t + zprior,t.

5 Experiment Results
5.1 Evaluation Metric and Data Set
We evaluate our model for multivariate time series forecast-
ing on five popular public datasets including electricity, so-
lar, traffic, exchange, and wikipedia (see [Rasul et al., 2020]
for the properties and the summary of the datasets). These
public datasets exhibit different seasonal patterns with hourly
and daily frequencies. For the evaluation of different models,
each dataset prior to the fixed forecast date is used as train-
ing data and the remaining data as the prediction data. The
rolling window prediction starting from the fixed forecasting
date is adopted as model evaluation method.

The continuous ranked probability score (CRPS) is a well-
known probabilistic model metric that measures the compat-
ibility of model’s cumulative distribution function (CDF) F
of the observation y, defined as

CRPS(F, x) =
∫
R
(F (u)− Iy≤u)

2du, (9)

where Iy≤u is the indicator function which is one if y ≤ u and
zero otherwise. Lower CRPS scoring means better perfor-
mance of the model’s forecasting ability. The model’s CDF
can be approximated by the empirical CDF with n samples ŷi:
F̂ (u) = 1/n

∑n
i=1 I{ŷi ≤ u}. However, the CRPS metric is

defined for univariate time series, and it cannot capture the
dependencies across different time series. Therefore, we use
CRPSsum as the metric for multivariate time series forecast-
ing, which can be obtained by first summing across different
time series yielding CRPSsum = Et[CRPS(F̂sum(t),

∑
i x

i
t)].

The CRPSsum metric has been theoretically and experimen-
tally justified in the previous work.

5.2 Results
We compare our model with other SSMs (KAVE, VRNN,
SRNN and Latent only model) and other multivariate time
series forecasting model (GARCH, DeepVAR and GRU Re-
alNVP). We also incorporated the same NF (RealNVP) to the
original VRNN and SRNN models for a fair comparison and
ablation study. The results are shown in Table 1 where the
mean and standard errors are obtained by three independent
runs.

• GARCH [Bauwens et al., 2006; Lütkepohl, 2005] is a
multivariate generalized autoregressive conditional het-
eroskedasticity model.

• DeepVAR lowrank-copula [Salinas et al., 2019] mod-
els the dynamics of the time series via the RNN and con-
structs the real data distribution via low-rank Gaussian
copula.

• KVAE [Fraccaro et al., 2017] is a variational autoen-
coder structure combined with the linear Gaussian state
space model to model the dynamics of the multivariate
time series data.

• GRU RealNVP [Rasul et al., 2020] unrolls the GRU
network describing the dynamics and model the com-
plex data distribution via CNF.

• VRNN RealNVP uses the VRNN [Chung et al., 2015]
to model the data dynamics and augment the emission
distribution with CNF.

• SRNN RealNVP utilizes the SRNN [Fraccaro et al.,
2016] to model the data dynamics and augment the emis-
sion distribution with CNF.
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Method exchange solar electricity traffic wiki

GARCH 0.023± 0.000 0.88± 0.002 0.19± 0.001 0.37± 0.0016 −
KAVE 0.014± 0.002 0.34± 0.025 0.051± 0.019 0.1± 0.005 0.095± 0.012

DeepVAR
lowrank-Copula 0.007± 0.000 0.319± 0.011 0.064± 0.008 0.103± 0.006 0.241± 0.033

GRU
RealNVP 0.0064± 0.001 0.331± 0.02 0.024± 0.001 0.078± 0.001 0.078± 0.001

VRNN
RealNVP 0.0072± 0.0004 0.416± 0.011 0.027± 0.003 0.062± 0.002 0.070± 0.002

SRNN
RealNVP 0.0071± 0.0002 0.406± 0.006 0.037± 0.002 0.082± 0.006 0.064± 0.001

Latent only
RealNVP 0.0074± 0.0005 0.412± 0.008 0.034± 0.003 0.105± 0.002 0.065± 0.001

EMSSM
RealNVP(ours) 0.0059± 0.0003 0.360± 0.013 0.023± 0.001 0.060± 0.002 0.061± 0.001

Table 1. Test set CRPSsum (lower is better) of eight models on five real world data sets. The best result for each dataset is in bold. Mean and
standard errors are obtained by re-running each model three times.

• Latent only RealNVP utilizes the latent only structure
[Gemici et al., 2017] to model the data dynamics and
augment the emission distribution by CNF. This struc-
ture can be seen as the variant of VRNN where the emis-
sion model only uses the latent variable without utilizing
the RNN output. This model is evaluated for ablation
purpose.

In Table 1, we observe that EMSSM with RealNVP
achieves the state-of-the-art CRPSsum metric on 4 of the 5
datasets. In comparison against VRNN and SRNN, EMSSM
demonstrates competitive forecasting capability, indicating
the effectiveness of the external memory mechanism, which
can be further verified by the ablation comparison study.
Specifically, two model instances are compared, i.e., EMSSM
with RealNVP against Latent only RealNVP that can be seen
as EMSSM without the memory block. A lower CRPSsum
from EMSSM demonstrates the advantage of using the mem-
ory. In addition, the competitive forecasting performance in
the datasets of different strengths of seasonality further im-
plies that our model can capture data pattern beyond season-
ality. We omit further discussion due to space limitation.

KL divergences per time-step over zt measure the addi-
tional information between the prior distribution and poste-
rior distribution which is used to express the current obser-
vation. Lower KL divergences indicate that the prior func-
tion can explain most part of the current observation and the
target is thus more predictable. Figure 2 shows the KL di-
vergence of training sequence in the real-world datasets men-
tioned above, where we can see that using external memory
yields almost the fastest drop and the lowest level of the KL
divergence compared with other deep SSMs. This implies
that the historical state information preserved in the external
memory actually reduces the discrepancy between the prior
and posterior distributions.

The time and space complexities of our EMSSM model are
O(d2+dl+dL)PT ) and O((d+ l)(PT +L)), respectively,

whereas the time and space complexities of VRNN/SRNN
model are O((d2 + dl)PT ) and O((d+ l)PT ), respectively,
where we denote the time step as T , the number of parti-
cles as P , the dimension of hidden state ht of GRU as l,
the dimension of latent state as d, and the buffer size of
the external memory as L. Due to the additional external
memory, our model has higher time and space complexities
than VRNN/SRNN, but our model demonstrates faster con-
vergence and smaller prediction error as shown in Figure 2.

6 Conclusion
In this paper, we proposed a memory-augmented state space
model with CNF for multivariate time series forecasting,
providing multi-step ahead probabilistic forecast with non-
Markovian state transition. The memory consists of both
internal memory and external memory buffers, designed to
memorize the global temporal pattern and the posterior state
transitions, respectively. Our mechanism demonstrated lower
KL divergence and better forecasting performance compared
with other SSM models. The combination of CNF and the
memory mechanism under the SSM framework enhanced the
forecasting ability for multivariate time series in our exper-
iments and we believe that our proposed method can better
solve difficult real-world time series forecasting problems,
such as holiday sales forecasting and anomaly detection, etc.
For the future work, a more efficient storage and sampling
mechanism for the memory buffer (e.g., using the informa-
tion entropy) might further improve the training efficiency
and prediction performance, which we will leave for further
investigation.
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