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Abstract

We study the relationship between the arrange-
ment of neurons and the complexity of the ReLU-
activated neural networks measured by the num-
ber of linear regions. More specifically, we pro-
vide both theoretical and empirical evidence for the
point of view that shallow networks tend to have
higher complexity than deep ones when the total
number of neurons is fixed. In the theoretical part,
we prove that this is the case for networks whose
neurons in the hidden layers are arranged in the
forms of 1 X 2n, 2 x n and n X 2; in the empir-
ical part, we implement an algorithm that precisely
tracks (hence counts) all the linear regions, and run
it on networks with various structures. Although
the complexity of the algorithm is quite high, we
verify that the problem of calculating the number
of linear regions of a ReLU network is itself NP-
hard. So currently there is no surprisingly efficient
way to solve it. Roughly speaking, in the algorithm
we divide the linear regions into subregions called
the “activation regions”, which are convex and easy
to propagate through the network. The relationship
between the number of the linear regions and that
of the activation regions is also discussed.

1 Introduction

In recent years, there has been increasing interest in exploring
the inner structure of neural networks. Due to the fact that the
ReLU activation function

f(z) = max(z,0) (1.1)

is a piecewise linear function, the output of the whole net-
work, viewed as a function of the input variable, is piecewise
linear as well. In particular, the function naturally divide the
input space into regions which are commonly referred to as
“linear regions”.

The behavior of the linear regions of a ReLU network has
been studied by many approaches. In particular, many pa-
pers have estimated the number of the linear regions, such as
[Montifar et al., 2014; Raghu et al., 2017; Serra et al., 2018;
Hanin and Rolnick, 2019a; Hanin and Rolnick, 2019b; Xiong
et al., 2020]. However, a direct estimation on the expected
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number of linear regions is still far from ideal. Among the es-
timations so far, those in [Raghu ef al., 2017] and [Hanin and
Rolnick, 2019a] are about 1-dimensional trajectories through
the linear region, and those in [Hanin and Rolnick, 2019b] are
on activation patterns.

In this paper, aiming at the linear regions directly, we
mainly discuss the influence of arrangement of neurons on
them. According to both theoretical and empirical evidence
discovered, we put forward the following

Claim 1: Generally speaking, for a ReLU-activated network,
suppose that the total number of neurons in the hidden layers
is fixed and the numbers of neurons in different layers are
similar. When the weights and biases are randomly chosen,
more linear regions are expected to be generated by shallow
network than deep network.

This claim may not sound so surprising, because by easy
calculation one can see that, when the total number of hid-
den neurons are fixed, shallow networks usually have more
weights than deep ones, and that may result in the shallow
networks having more linear regions. However, due to the
complexity of the network structures, such relationship is not
so easy to show. For example, in order to prove it theoreti-
cally, without being able to provide precise values, one needs
to find a lower bounds for the expected number of linear re-
gions of shallow networks and an upper bound for that of
deep networks, such that the lower bound is greater than the
upper bound. This requires a more delicate estimation for the
number of linear regions, and the author is not aware of any
result of this kind.

An easy case that one can immediately figure out though is
that there is only one hidden layer in the network containing
n neurons. In this case, each neuron in the hidden layer forms
a hyperplane w - z 4+ b = 0, where x is the input variable, w
is the vector of weights toward the neuron and b is the bias.
Then the linear regions associated with this neuron are the
two half-spaces divided by this hyperplane. Denote the input
dimension by M. If the hyperplanes for all the neurons in
the hidden layer are in generic position (which happens with
probability 1 when the weights and biases are sufficiently ran-
dom), the number of linear regions in the output layer is

M

>(7)

(1.2)
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Especially when M > n, this is 2" which is the theoretical
maximum among all the arrangements of the neurons (see
for example [Lei et al., 2020, Theorem 4.5]). However, in
general the situation can be very complicated.

In this paper, we show that gaps for the expectation of the
number of linear regions exist for ReLU-activated networks
with hidden neurons arranged like 1 x 2n, 2xn and nx 2. The
statement of the theorem seems sufficiently concise, intuitive
and self-contained so that we believe it can be directly put
here in the introduction section as follows.

Theorem 1.1. Let N be a fully-connected ReLU-activated
neural network whose weights and biases are all indepen-
dent continuous random variables with even density func-
tions. Suppose that the input dimension of N is M and the
output dimension is 1. Define E(N') as the expectation of the
linear regions resulting from N with respect to the weights
and biases. We use Ny« to indicate that N has | hidden lay-
ers and each of the hidden layer has k neurons. Then for all
M >2andn > 1, E(Naxyn) > E(Nixan); forall M > n
andn > 9, E(N,x2) > E(Naxn).

We also put a complete version of Theorem 1.1 as Theorem
2.1. Theorem 2.1 reveals more technical details about the
estimation of E(N ), and Theorem 1.1 follows from it. The
proofs of Theorem 2.1 and Theorem 1.1 are in the appendix
which is in the supplementary material.

Besides 1.1, to support Claim 1, we implement an algo-
rithm which tracks every linear region in detail, including
the shape of the region and the value of the corresponding
piecewise linear function on it. We run experiments with this
algorithm on networks of small scale and calculate the num-
ber of linear regions directly. Among the network structures,
there are the ones with different layers but the same number
of weights and biases (see the second part of Section 4.1).
The results we get from all the networks support the claim
statistically (especially for cases where Theorem 1.1 does not
cover).

It is worth pointing out that the algorithm is not completely
new, as the rationale behind it has already been pointed out
in [Raghu et al., 2017, Theorem 2]. The idea is to divide
the linear regions into (convex) activation regions which are
easy to track through the network. Still, we describe the al-
gorithm from a more engineering perspective, including the
procedures of generating each linear region reflected in our
code and some optimization techniques therein. Some set-
tings in the algorithm are also used in the proof of Theorem
1.1. Moreover, in the hope of illustrating and exploring more
about the relationships between the linear regions and the ac-
tivation regions, we provide a way to construct networks of
arbitrary depth and various structures and parameters where
the linear regions are exactly the same as the activation re-
gions (see Theorem 3.1).

Our algorithm of finding linear regions is expected to have
very high time and space complexity, and for this reason we
find it unrealistic to run the algorithm for networks of very
large scale. In fact, in this paper we verify that the problem
of counting the linear regions for a ReL.U-activated network is
NP-hard (see Theorem 3.2), thus implying that a polynomial-
time solution to the problem is extremely difficult to find.
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Another natural question is whether the Claim 1 still holds
in the process of training ReLU-activated networks. Due to
the complexity and diversity of the training tasks in reality, it
is very hard to give a uniform answer for this question. Nev-
ertheless, we do an experiment for the well known two-spiral
data in Section 4. There we can see that in this particular
training task, for networks during the training process, the
number of linear regions tends to decrease for shallow net-
works and increase for deep networks compared to the mean
value when the parameters are completely random, but such
change is too small to close the gap.

For the rest of the paper, we assume that every network
we consider is activated by the ReLU function (1.1), and the
output layer of it has only one neuron.

2 Estimation of the Number of Linear
Regions

In this section, we present all the estimation results on the
number of linear regions that we have obtained as follows.

Theorem 2.1. Let N be a fully-connected ReLU-activated
neural network whose weights and biases are all indepen-
dent continuous random variables with even density func-
tions. Suppose that the input dimension of N is M and the
output dimension is 1. Define E(N') as the expectation of the
linear regions resulting from N with respect to the weights
and biases.

1. Suppose that N has n hidden layers, each having 1 neu-
ron, and M > 1. Then
3 n—1
EWN) < 1+2(Z) :
2. Suppose that N has 2 hidden layers, the first and the

second layer has ny and ngy neurons respectively, and
M > max(nq,ng). Define K(ny,ns) as

L ni 1 ! no + 1
Ko = () 3 () o
=0 i=0

Then
K(ni,na)+1 < EWN) < K(ng,ng) +2™. (2.1)

3. Suppose that N has n hidden layers (n > 2), each hav-
ing 2 neuron, and M > 2. Then
)nfl .

1+ Gyt < B < 6

When n; and no are sufficiently large and are similar to
each other, 2" is actually very small compared to K (ny,ns).
So Part 2 restricts the number of linear regions for networks
with 2 hidden layers to a quite narrow range. The techniques
used in the proof for each part of Theorem 2.1 are of quite
different styles. Roughly speaking, for Part 1, we formulate
the number of linear regions for A as a 3-state random walk
and analyze the transition matrix of it to find an upper bound
for E(N). For Part 2, we consider the exact position of each
hyperplane induced in each layer and figure out how many
new distinct activation regions they are expected to generate
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from the activations in the previous layer. For Part 3, for the
inequality on the left we find a lower bound for E(N\) by an-
alyzing the probability that a linear region that has nonzero
slope and extends to infinity exists; for the equality on the
right we consider the different cases for the hyperplanes gen-
erated in each neuron, and estimate the maximum multiples
it can bring to E(N), and then combine this with the proba-
bility of dropout for each neuron to get the final upper bound.

3 Algorithm of Finding Linear Regions

We follow [Montifar et al., 2014, Section 2.1] for the defi-
nition of linear region of a piecewise linear function, which
is defined as a maximal connected subset of the input space
on which the function is linear. Since the output of each neu-
ron in a ReL.U-activated network is a piecewise-linear func-
tion with respect to the input, there are the linear regions for it
which we call the linear regions for that particular neuron. As
a linear region is not necessarily convex, it is not quite easy
to handle. Our strategy is to divide each linear region into
convex regions shaped by hyperplanes, and group up these
convex regions that are adjacent to each other and have com-
mon values to form the linear regions. Within each neuron,
the convex regions from the neurons in the previous layer are
intersected with each other and then cut into multiple con-
vex regions of the through activation. We call such a convex
region together with the value of the linear function on it an
activation region. More specifically, an activation region con-
sists of the following two parts:

1. The shape, which is the region in the input space shaped
by the restrictions

Ui 121 +7.L1'72‘T2 =+ ... +U1‘7M£CM +8; S 0, = ]., 2, ey Ty
where 7 is the number of restrictions. It is easy to see
that the region bounded by such a group of restrictions

is convex, although not necessarily bounded. For an ac-
tivation region ¢, we denote the shape of it by S(c).

2. The value, which is a vector (vy, va, ..., vpr, t) represent-
ing the function viz1 + vox2 + ... + vayrxpr + t on the
input space. For an activation region ¢, we denote the
value of it by V (¢).

We then define the following operations on activation regions:

* Intersection: for a list of activation regions c1, co, ..., Ck,

if N, 8(c;) # 0, we define the intersection of
c1,Ca, ..., With coefficients wq, ..., w; to be a new

activation region ¢ such that S(c¢) = ﬂle S(c;), and
Vie) = Zle w;V (¢;). This operation is denoted as
¢ = Intersect(cq, ..., ¢k, w1, ..., wy ). Note that in order
to find ﬂle S(c;), we only need to put restrictions for
all the ¢;’s together, then check whether such group of
restriction is valid and remove the redundant ones. In
practice, we use linear programming to check the valid-
ity of the restrictions and to test whether each restriction
is redundant.

» Addition: for an activation region ¢ and a real number
b, the addition operation simply change the value of ¢
from (v1,va, ..., Up, t) to (v1, V2, ..., Vs, t + b). Such an
addition operation is denoted as Add(c, b).
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e Cut: for an activation region ¢, let V(c) =
(v1, v, ..., un,t). We construct two activation regions
via the cut operation. For the first activation region c;,
S(cy) is formed by adding the restriction vy 21 + vozy +
e +vpz, +t < 0to S(c) and V(cy) is the zero vector.
For the second activation region ca, S(c2) is formed by
adding the restriction —v1 2] — Vo2 —... — VT —t <0
to S(c) and V(¢3) = V(c). Finally we only keep the
activation regions whose shapes are non-empty from c¢;
and cy. Intuitively, the cut operation is to apply ReLU
based on V'(¢). We denote the cut operation as Cut(c).

With the definition of activation region and the operations
at hand, we are ready to construct the activation regions for
all layers inductively. Denote the number of neurons in the
i-th hidden layer by n;, the input dimension by M, and the
7-th neuron in the i-th layer by IV ]’ Denote the weights from
the j-th neuron in the (¢ — 1)-th layer to the k-th neuron in
the i-th layer by “wj, and denote the bias for the k-th neuron
in the i-th layer by by. In the first hidden layer, for the k-th
neuron, there are two activation regions c¢; and co shaped by

the hyperplane Z]M=1 lekxj +1 b, = 0, where

S(Cl) = {($1, ...,.’E]W) : Zﬁo‘wmxz + 1bk < O},
S(Cg) = {($1, ...,CC]\,{) : Zfio ‘wzkxz + lbk > O}, 3.1
V(Cl) = (0,...,0), V(CQ) = (1w1k7...71ka71bk).

Now suppose the activation regions for all neurons in the
(¢ — 1)-th hidden layer is already constructed. Then for each
neuron [N JZ in the i-th hidden layer, we enumerate all the com-
binations of activation regions cy, ca, ..., ¢, _, Where ¢ is an

activation region of N~ for all 5. For each of such combi-
nation, we collect the (one or two) activation regions from

Cut(Add(Intersect(cy, ..., Cn; 1y Wijy ooy Why 175)," b5)),
(3.2)

and all such activation regions are the activation regions for
N?. In other words, (3.2) distributes the operation of taking
weighted sum (with bias) and applying the ReLU activation
to all the activation regions in the form of the intersection
of c1,co,...,Cn,_,, and the results are also in the format of
activation region. Therefore, by induction such construction
can go through the whole network.

Finally, for the (only) neuron in the output layer, we still
apply (3.2) for activation regions collected from the last hid-
den layer, but without the Cut part because there is no activa-
tion in the output layer. Then in order to find linear regions,
we just need to group together those activation regions that
are connected to each other and have the same value, and the
number of such groups is the number of linear regions.

A simple example is given as Figure 1.
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Figure 1: The network structure is shown on the left, where the num-
bers above the edges are the corresponding weights, and those above
the neurons are the biases. The activation regions corresponding to
the output neuron (the blue dot on the left) are the regions separated
by the blue lines in the xy-plane on the right. Activation regions
5-7 are connected and all have value 0, so they together form a sin-
gle linear region. All the other activations have distinct values, thus
forming linear regions individually.

The original Intersection function requires that all the com-
bination of activation regions from the previous layer are con-
sidered, so it definitely has very high complexity. In practice,
to construct the activations for neurons in the ¢-th layer from
those in the (i — 1)-th layer, we first do pairwise Intersection
operation for the activation regions for the first and the sec-
ond neurons in the (i — 1)-th layer and get a list of activation
regions, and then do pairwise Intersection for this intermedi-
ate list of activation regions and the activation regions for the
third neuron in the layer, and repeat this process until finish-
ing with the last neuron in the layer. It is worth mentioning
that the value part in an intermediate activation region is ac-
tually a list of values instead of a single value. For each pair-
wise Intersection of an intermediate activation region and an
activation region in the next neuron in the layer, the shapes
of activation regions are intersected, but the value of the new
activation regions is appended to the list of values. In this
way, after we are done with the last neuron in the (i — 1)-th
layer, the shape of an activation region c in the intermediate
neuron 1is still of the same form as in 1, but the value of ¢
is of the form (uq,us, ..., u,, ,), where each w; is a vector
of length M. Then for the k-th neuron in the i-th layer, we
take weighted sum for the values as > ;=" “wjx 1y to form the
value for ¢ which matches the form in 2, and then perform
the Add and Cut operations for each c to finally get all the
activation regions for the corresponding neuron. The whole
pipeline is illustrated in Figure 2.

(i — 1)-th layer

- i-th layer
weights & biases AN
for the i-th layer

Intersect /'
/ /
/
*)\ Intersect / //
Cuto Add J

(linear combination on weights) \

—— 0 Intersect N

*@Tntersect

Figure 2: pipeline to generate activation regions

By construction, each linear region in a neural network is
the union of activation regions. Then a natural questions is
what the gap between the total number of linear regions and
that of activation regions is like. In Section 4 we will ana-
lyze large amount of neural networks and get some statistical
results. Here we provide a way to construct neural networks
which can have sufficiently many linear regions, and the lin-
ear regions are exactly the same as the (shape of the) activa-
tion regions. The proof is in the appendix. The construction
is inspired by [Montiifar et al., 2014, Theorem 4] in the sense
that we also separate the input dimensions and fold one linear
region into many in each layer. The proof of loc. cit. mainly
focuses on showing that the network has sufficient foldings
onto [0, 1], whereas in our result, effort is done to make
sure that it behaves well globally.

Theorem 3.1. For positive integers L, ng, n1,..., ny, such that
n; > ng foreveryi =1,2,..., L and L%J is odd, there exists
a neural network whose i-th hidden layer contains n; neurons
such that the number of activation regions is the same as that

of the linear regions of it, which is Hfz_ll LZ—SJ ",

The algorithm is expected to have high complexity: the
number of activation regions are expected to grow very fast
through layers, and it requires even more parameters to de-
scribe the shapes and values of them in detail. Therefore, it
is worth verifying that the problem of counting the linear re-
gions is sufficiently hard. Indeed, that is the case thanks to
the following theorem (whose proof is in the appendix).

Theorem 3.2. Let N be a ReLU-activated network where
X1, ..., Ty are the input variables. For any integer K > 1, the
problem of verifying whether the number of linear regions of
N is greater than K is NP-hard.

Remark 3.3. The author does not know if problem of count-
ing linear regions is NP or not so far. To show that the prob-
lem is NP means that we need to design a verification mecha-
nism that completes in polynomial time. This is easy to verify
for linear regions having distinct values. More specifically, to
check the number of linear regions is K, it suffices to find
K points py,pa, ..., px such that they are in different linear
regions. When we send the points through the network, we
are able to see which neurons fail to be activated for each p;.
Then by removing those neurons as well as all the upstream
neurons contributing to it, we get a new network which, for
p; (along with a neighborhood of it), corresponds to a lin-
ear expression y Wizk. So to verify that each p; belongs
to a distinct linear region, it suffices to show that the vector
(Wi, ...,W?) are different with each other, which can obvi-
ously done in polynomial time. However, different linear re-
gions can have the same value which makes the verification
problem more complicated. On the other hand, suppose that
the total number of neurons is /N. Observe that the number
of activation regions is at most exponential with respect to
N, and to form an activation region, the complexity of each
linear programming problem in the Intersection and Cut oper-
ations is at most exponential with respect to N and the input
dimension M, and the number of such operation is linear with
respect to V. Therefore, the problem of finding linear regions
is EXPTIME.
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4 Experiments

4.1 Arrangement of Neurons and Number of
Linear Regions

We first set the input dimension of the network as 7 and set
the total number of neurons as 10. All the weights and bi-
ases follow the uniform distribution between —1 and 1. For
the arrangements of neurons as (8, 2), (7,3), (5,5), (5, 3,2),
(4,3,3), (3,3,2,2) and (2,2,2,2,2), we run the algorithm
in Section 3 for 5000 times and get the number of linear re-
gions, the number of activation regions as well as their ratio
(i.e. #(linear regions)/# (activation regions) for each net-
work generated in the experiment). The histograms for these
three numbers are shown as Figure 3. We can see that Claim
1 holds in this case. Another observation is that the more
similar the numbers of neurons in the layers are, the smaller
the difference between the number of linear regions and that
of activation regions is. Part 2 in Theorem 2.1 supports such
phenomenon in the following sense. The gap 2" in (2.1)
reflects the activation regions with constant values that are
possible to be grouped together to form linear regions. In
the proof of Theorem 2.1, when n; = ny = n, we can see
that K(ny,ng) > % for n > 4. So in this case, the larger
n is, the smaller the gap 2™ relative to K (nq,n2) (hence
to E(N)) becomes. We also observe that for deep network
structure such as (3, 3,2,2) and (2, 2, 2,2, 2), the probability
that there is only one linear region (i.e. the values of all the
activation regions are constant) is quite high. The reason is
that in this case it is easier for a neuron to drop out. For ex-
ample, if the number of neurons in the k-th layer is ny, then
if all the ng_; weights towards a neuron in the k-th layer as
well as the bias for that neuron are all non-positive, the neu-
ron drops out, and this happens with probability ﬁ In
particular it is larger for smaller nj_1. Moreover, when there
are only 2 neurons in a layer, it is also easier for these neu-
rons to drop out simultaneously, resulting in only one linear
region.

We also apply the algorithm on networks with input dimen-
sion 1, and compare the results from networks whose hidden
layers are set as 2 x n and 2n X 1 forn = 2, 4, 6 and 8.
One special property about such a pair of networks is that
their total numbers of parameters are equal (both contain 4n
weights and 2n + 1 biases). The number of linear regions of
the networks of the form 2n x 1 is 2n + 1 with probability 1
according to (1.2), and the numbers for those of form 2 x n
are shown as Figure 4. We can see clearly that in this case
the shallow network (2n x 1) still produces much more linear
regions than the deep one (2 x n). It seems that the probabil-
ity of dropout mentioned in the previous paragraph is still an
important factor for such gap.

4.2 Experiment on Two-Spiral Data

One may wonder whether the trend for randomly chosen pa-
rameters as in the previous subsection still exists for net-
works during training processes. Here we do an experiment
for the two-spiral data which is widely used to train net-
works of small scale (e.g. [Sopena et al., 1999], [Hunter et
al., 2012]). We follow the TensorFlow Playground [Google,
2016] to construct the two-spiral data as well as the input data
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Figure 3: Statistics on the number of activation regions and linear
regions (right), as well as their ratios (left); the light (resp. dark) red
bars on the right represent activation (resp. linear) regions; the input
dimensions are all 7.
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Figure 4: Statistics on the number of activation regions and linear
regions with input dimensions 1.

which is of the form
(z,y,2%, y° zy,sinz, siny),

except that we double the radii of the spirals. We take 500
points from each spiral and split the total data randomly into
900 training data and 100 test data. Observe that input dimen-
sion is 7 which is the same as Subsection 4.1. We train the
networks whose hidden layers are arranged like those in 4.1,
and calculate the numbers of linear regions for 30 networks
in each accuracy range from 60%-69% to 90%-99%. The
means and deviations of such numbers are shown as Table 1.
There in the first column, we also include the means and devi-
ations of the numbers of linear regions for the corresponding
5000 networks in 4.1. The “NC” there means excluding the
case where the values are constant everywhere so that there is
only one linear region.

We can see from Table 1 that the expectation of the num-
bers of linear regions for (8,2), (7,3) and (5,5) with ran-
dom parameters fits the estimation in (2.1). As for the ex-
pected number of linear regions during training, we can see
slight decrease for the number for shallow networks (with
hidden layers like (8, 2), (7, 3) and (5, 5)) and slight increase
for deep networks (other networks structures), which makes
the gap between the numbers for shallow and deep networks
slightly smaller. However, such increase and decrease are
trivial against the total number of linear regions and are far
from enough to offset the gaps between different network
structures. As a result, Claim 1 still holds here.

4.3 About Parallel Processing

Observe that in the algorithm in Section 3, for the Intersect,
Add and Cut operation, each activation regions are handled
individually and are independent of other regions. This pro-
vides room for optimization via parallel processing. In the
parallel version of the algorithm, the whole pipeline is very
similar to Figure 2, except that in the Intersect and Cut o Add
operations, the activation regions are distributed to multiple
machines and are processed there in parallel. However, due
to the high complexity of the algorithm, even with parallel

processing we still do not expect it to work for networks of
industry scale. In fact, we have attempted to use a cluster of
machines to run the algorithm and analyze networks trained
on the MNIST dataset. From our experience, when the total
number of neurons in the network is less than 20, the whole
pipeline for a single network can barely be finished within
a reasonable amount of time. This is still far from enough to
handle the mainstream network structures which usually have
a few hundred neurons (see [LeCun et al., 2010]).

5 Directions for Further Research

The results in this paper point out some directions which we
think are worthy of further investigation as follows.

¢ Ideally, one can compare the expected of number of lin-
ear regions for all the network structures besides those
in Theorem 1.1.

* Beyond Theorem 3.1 and Figure 3, there may be more
interesting theoretical and practical results about the re-
lationships between the number of linear regions and
that of activation regions.

Hidden layers Accuracy  Mean Deviation
Total mean & range
deviation
8,2) 60%-69%  645.24 63.23
647.69 & 72.24 70%-79% 612.44 98.96
80%-89% 635 74.13
90%-99%  563.8 166.05
(7, 3) 60%-69%  597.52 125.49
616.8046 & 94.02 70%-79% 563.44 144.02
80%-89%  634.52 111.47
90%-99%  547.16 111.86
5,95) 60%-69%  277.52 53.46
297.32 & 66.52 70%-79%  299.68 71.20
80%-89%  295.44 62.24
90%-99%  268.28 72.31
5,3,2) 60%-69%  209.96 75.53
181.69 & 68.06 70%-79%  205.28 71.76
80%-89% 171.96 72.56
90%-99%  224.64 61.49
4,3,3) 60%-69%  90.63 38.11
108.60 & 39.90 70%-79%  114.4 26.64
80%-89% 115.64 42.04
90%-99%  122.76 39.04
(3,3,2,2) 60%-69%  41.36 19.44
31.35 & 18.60 70%-79% 31.2 14.34
(NC: 34.00 & 16.99) 80%-89%  37.68 21.15
90%-99% 27.8 12.49
2,2,2,2,2) 60%-69%  12.36 6.96
8.0 & 6.07 70%-79% 11.4 3.38
(NC:10.39 &5.20)  80%-89% 14.2 4.06
90%-99% 14.6 5.97

Table 1: Results for two-spiral data
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