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Abstract
Hawkes processes are a popular framework to
model the occurrence of sequential events, i.e., oc-
currence dynamics, in several fields such as social
diffusion. In real-world scenarios, the inter-arrival
time among events is irregular. However, exist-
ing neural network-based Hawkes process models
not only i) fail to capture such complicated irregu-
lar dynamics but also ii) resort to heuristics to cal-
culate the log-likelihood of events since they are
mostly based on neural networks designed for regu-
lar discrete inputs. To this end, we present the con-
cept of Hawkes process based on controlled differ-
ential equations (HP-CDE), by adopting the neural
controlled differential equation (neural CDE) tech-
nology which is an analogue to continuous RNNs.
Since HP-CDE continuously reads data, i) irregu-
lar time-series datasets can be properly treated pre-
serving their uneven temporal spaces, and ii) the
log-likelihood can be exactly computed. More-
over, as both Hawkes processes and neural CDEs
are first developed to model complicated human be-
havioral dynamics, neural CDE-based Hawkes pro-
cesses are successful in modeling such occurrence
dynamics. In our experiments with 4 real-world
datasets, our method outperforms existing methods
by non-trivial margins.

1 Introduction
Real-world phenomena typically correspond to the occur-
rence of sequential events with irregular time intervals and
numerous event types, ranging from online social network
activities to personalized healthcare and so on [Zhao et al.,
2015; Enguehard et al., 2020; Stoyan and Penttinen, 2000;
Mohler et al., 2011; Ogata, 1999]. Hawkes processes and
Poisson point process are typically used to model those se-
quential events [Hawkes, 1971; Miles, 1970; Streit, 2010].
However, their basic assumptions are too stringent to model
such complicated dynamics, e.g., all past events should influ-
ence the occurrence of the current event. To this end, many
advanced techniques have been proposed for the past sev-
eral years, ranging from classical recurrent neural network
(RNN) based models such as RMTPP [Du et al., 2016] and

Model Exact log-likelihood How to model dynamics
NHP, SAHP, X DiscreteTHP

HP-CDE O
(λ∗ is continuous.)

Continuous &
robust to irregular dynamics

Table 1: Comparison of neural network-based Hawkes process mod-
els. λ∗ denotes the conditional intensity function (cf. Eqs. (4), (6),
and (7)).

NHP [Mei and Eisner, 2017] to recent transformer models
like SAHP [Zhang et al., 2020] and THP [Zuo et al., 2020].
Even so, they still do not treat data in a fully continuous
way but resort to heuristics, which is sub-optimal in process-
ing irregular events [Chen et al., 2018; Choi et al., 2021;
Yildiz et al., 2019]. Likewise, their heuristic approaches to
model the continuous time domain impede solving the mul-
tivariate integral of the log-likelihood calculation in Eq. (4),
leading to approximation methods such as the Monte Carlo
sampling (cf. Table 1). As a consequence, the strict constraint
and/or the inexact calculation of the log-likelihood may in-
duce inaccurate predictions.

In this work, therefore, we model the occurrence dynam-
ics based on differential equations, not only directly handling
the sequential events in a continuous time domain but also
exactly solving the integral of the log-likelihood. One more
inspiration of using differential equations is that they have
shown several non-trivial successes in modeling human be-
havioral dynamics [Poli et al., 2019; Rubanova et al., 2019;
Jeon et al., 2021] — in particular, we are interested in con-
trolled differential equations. To our knowledge, therefore,
we first answer the question of whether occurrence dynamics
can be modeled as controlled differential equations.

Controlled differential equations (CDEs [Lyons et al.,
2004]) are one of the most suitable ones for building human
behavioral models. CDEs were first developed by a finan-
cial mathematician to model complicated dynamics in finan-
cial markets which is a typical application domain of Hawkes
processes since financial transactions are temporal point pro-
cesses. In particular, neural controlled differential equations
(neural CDEs [Kidger et al., 2020]), whose initial value prob-
lem (IVP) is written as below, are a set of techniques to learn
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CDEs from data with neural networks:

h(tb) = h(ta) +

∫ tb

ta

f(h(t); θf )dZ(t)

= h(ta) +

∫ tb

ta

f(h(t); θf )
dZ(t)

dt
dt,

(1)

where f is a CDE function, and h(t) is a hidden vector at time
t. Z(t) is a continuous path created from discrete sequen-
tial observations (or events) {(zj , tj)}bj=a by an appropriate
algorithm1, where in our case, zj is a vector containing the
information of j-th occurrence, and tj ∈ [ta, tb] contains the
time-point of the occurrence, i.e., tj < tj+1. Note that neu-
ral CDEs keep reading the time-derivative of Z(t) over time,
denoted Ż(t) := dZ(t)

dt , and for this reason, neural CDEs
are in general, considered as continuous RNNs. In addition,
NCDEs are known to be superior in processing irregular time
series [Lyons et al., 2004].

Given the neural CDE framework, we propose Hawkes
Process based on Controlled Differential Equations (HP-
CDE). We let zj be the sum of the event embedding and the
positional embedding and create a path Z(t) with the linear
interpolation method which is a widely used interpolation al-
gorithm for neural CDEs (cf. Figure 2). To get the exact log-
likelihood, we use an ODE solver to calculate the non-event
log-likelihood. Calculating the non-event log-likelihood in-
volves the integral problem in Eq. (4), and our method can
solve it exactly since conditional intensity function λ∗, which
indicates an instantaneous probability of an event, is defined
in a continuous manner over time by the neural CDE technol-
ogy. In addition, we have three prediction layers to predict the
event log-likelihood, the event type, and the event occurrence
time (cf. Eqs. (8), (12), (13) and Figure 3).

We conduct event prediction experiments with 4 datasets
and 4 baselines. Our method shows outstanding performance
in all three aspects: i) event type prediction, ii) event time
prediction, and iii) log-likelihood. Our contributions are as
follows:

1. We model the continuous occurrence dynamics under
the framework of neural CDE whose original theory was
developed for describing irregular non-linear dynamics.
Many real-world Hawkes process datasets have irregular
inter-arrival times of events.

2. We then exactly solve the integral problem in Eq. (4)
to calculate the non-event log-likelihood, which had
been done typically through heuristic methods before
our work.

2 Preliminaries
2.1 Multivariate Point Processes
Multivariate point processes are a generative model of an
event sequence X = {(kj , tj)}Nj=1 and xj = (kj , tj) indi-
cates j-th event in the sequence. This event sequence is a
subset of an event stream under a continuous time interval

1One can use interpolation algorithms or neural networks for cre-
ating Z(t) from {(zj , tj)}bj=a [Kidger et al., 2020].

[t1, tN ], and an observation xj at time tj has an event type
kj ∈ {1, · · · ,K}, where K is total number of event types.
The arrival time of events is defined as t1 < t2 < · · · < tN .
The point process model learns a probability for every (k, t)
pair, where k ∈ {1, · · · ,K}, t ∈ [t1, tN ].

The key feature of multivariate point processes is the inten-
sity function λk(t), i.e., the probability that a type-k event oc-
curs at the infinitesimal time interval [t, t+ dt). The Hawkes
process, one popular point process model, assumes that the
intensity λk(t) of type k can be calculated by past events be-
fore t, so-called historyHt, and its form is as follows:

λ∗k(t) := λk(t|Ht) = µk +
∑

j:tj<t

ψk(t− tj), (2)

where λ∗(t) =
∑K

k=1 λ
∗
k(t), µk is the base intensity, and

ψk(·) is a pre-determined decaying function for type k. We
use ∗ to represent conditioning on the history Ht. Accord-
ing to the formula, all the past events affect the probability
of new event occurrence with different influences. However,
the intensity converges to the base intensity if the decaying
function becomes close to zero.

Currently, a deep learning mechanism is applied to Hawkes
processes by parameterizing the intensity function. For
instance, RNNs are used in the neural Hawkes process
(NHP) [Mei and Eisner, 2017], and its intensity function is
defined as follows:

λ∗(t) =
K∑

k=1

ϕk(w
⊤
k h(t)), t ∈ [t1, tN ], (3)

where ϕk(·) is the softplus function, h(t) is a hidden state
from RNNs, and wk is a weight for each event type. The
softplus function keeps intensity values positive. However,
one downside of NHP is that RNN-based models assume that
events have regular intervals. Thus, one of the main issues
in NHP is how to fit a model to a continuous irregular time
domain.

2.2 Neural Network-based Hawkes Processes
Hawkes processes are a popular temporal predicting frame-
work in various fields since it predicts both when, which type
of events would happen with mathematical approaches. It is
especially widely used in sociology fields to capture the dif-
fusion of information [Hardiman et al., 2013; Kobayashi and
Lambiotte, 2016; Da Fonseca and Zaatour, 2014], seismol-
ogy fields to model when earthquakes and aftershocks occur,
medical fields to track the status of patients [Choi et al., 2015;
Garetto et al., 2021], and so on.

For enhancing the performance of Hawkes processes, a lot
of deep learning approaches have been applied. The two basic
approaches are the recurrent marked temporal point process
(RMTPP [Du et al., 2016]) and the neural Hawkes process
(NHP [Mei and Eisner, 2017]). RMTPP is the first model
that combines RNNs into point processes, and NHP is a
Hawkes process model with an RNN-parameterized intensity
function. Based on NHP, the self-attentive Hawkes process
(SAHP [Zhang et al., 2020]) attaches self-attention modules
to reflect the relationships between events. Additionally, the
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Figure 1: Visualization of the continuous hidden state of the neural
CDE model

transformer Hawkes process (THP [Zuo et al., 2020]) uses
the transformer technology [Vaswani et al., 2017], one of
the most popular structures in natural language processing,
to capture both short-term and long-term temporal dependen-
cies of event sequences.

One important issue of neural network-based Hawkes pro-
cess is how to handle irregular time-series datasets. To deal
with this issue, NHP uses continuous-time LSTMs, whose
memory cell exponentially decays. SAHP and THP both em-
ploy modified positional encoding schemes to represent irreg-
ular time intervals since the conventional encoding assumes
regular spaces between events. However, all mentioned ap-
proaches still do not explicitly process irregular time-series.
In contrast to them, our HP-CDE is robust to irregular time-
series since the original motivation of neural CDEs is better
processing irregular time-series by constructing continuous
RNNs.

2.3 Neural Controlled Differential Equations as
continuous RNNs

Neural controlled differential equations (neural CDEs) are
normally regarded as a continuous analogue to RNNs since
they process the time-derivative of the continuous path Z(t).
Especially, neural CDEs retain their continuous properties
by using the interpolated path Z made of discrete data
{(zj , tj)}bj=a and solving the Riemann-Stieltjes integral to
get h(tb) from h(ta) as shown in Eq. (1) — in particular, this
problem to derive h(tb) from the initial condition h(ta) is
known as initial value problem (IVP) (cf. Figure 1). At first,
to make the interpolated continuous path Z, linear interpo-
lation or natural cubic spline interpolation is generally used
among several interpolation methods. Then, we use existing
ODE solvers to solve the Riemann-Stieltjes integral problem
with ḣ(t) := dh(t)

dt = f(h(t); θf )
dZ(t)
dt .

2.4 Maximum Likelihood Estimation in Temporal
Point Process

Most of the neural temporal point process frameworks choose
the maximum likelihood estimation (MLE) [Aitchison and
Silvey, 1958] as one of the main training objectives. In order
to enable the MLE training, getting the log-probability of ev-
ery sequence X is required, which consists of formulas using

    

Non-event
log-likelihood

ODE solver           

Neural CDE

+ + +̀

(Eq.(7))
Type prediction 

Time prediction 
Continuous hidden representation 

Event log-likelihood

Event sequence 

(Eq.(6))

Interpolation

Figure 2: Our proposed HP-CDE architecture

intensity functions conditioned on the history Ht={(kj , tj) :
tj < t}. Thus, log-probability for any event sequence X
whose events are observed in an interval [t1, tN ] is as follows:

log p(X) =

N∑
j=1

log λ∗(tj)−
∫ tN

t1

λ∗(t)dt, (4)

where
∑N

j=1 log λ
∗(tj) denotes the event log-likelihood and∫ tN

t1
λ∗(t)dt means the non-event log-likelihood. Non-event

log-likelihood represents sum of the infinite number of non-
events’ log-probabilities in [t1, tN ], except the infinitesimal
times when the event occurs. In the case of the event log-
likelihood, it is comparably easy to compute as the formula is
simply a sum of the intensity functions. However, it is chal-
lenging to compute the non-event log-likelihood, due to its
integral computation. Due to the difficulty, NHP, SAHP, THP
and many other models use approximation methods, such as
Monte Carlo integration [Robert and Casella, 2005] and nu-
merical integration methods [Stoer and Bulirsch, 2013], to get
the value. However, since those methods do not exactly solve
the integral problem, numerical errors are inevitable.

3 Proposed Method
In this section, we describe our explicitly continuous Hawkes
process model, called HP-CDE, based on the neural CDE
framework which is considered as continuous RNNs. Ow-
ing to the continuous property of the proposed model, the ex-
act log-likelihood, especially for the non-event log-likelihood
part with its challenging integral calculation, can also be com-
puted through ODE solvers. That is, our proposed model
reads event sequences with irregular inter-arrival times in a
continuous manner, and exactly computes the log-likelihood.

3.1 Overall Workflow
Figure 2 shows comprehensive designs of our proposed
model, HP-CDE. The overall workflow is as follows:

1. Given the event sequence X = {(kj , tj)}Nj=1, i.e., event
type kj at time tj , the embeddings {Ee(kj),Ep(tj)}Nj=1
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are made through the encoding processes, where Ee(kj)
is an embedding of kj and Ep(tj) is a positional embed-
ding of tj .

2. Then we use {Ee(kj)⊕Ep(tj)}Nj=1 as the discrete hid-
den representations {zj}Nj=1. In other words, zj =
Ee(kj) ⊕ Ep(tj), i.e., the element-wise summation of
the two embeddings.

3. An interpolation algorithm is used to create the contin-
uous path Z(t) from {(zj , tj)}Nj=1 — we augment the
time information tj to each zj .

4. Using the continuous path Z(t), a neural CDE layer cal-
culates the final continuous hidden representation h(t)
for all t. At the same time, an ODE solver integrates the
continuous intensity function λ∗(t) which is calculated
from h(t) (cf. Eq. (7)) to calculate the non-event log-
likelihood. In addition, there are three prediction layers
to predict the event type, time, and log-likelihood (cf.
Figure 3).

We provide more detailed descriptions for each step in the
following subsections with the well-posedness of our model.

3.2 Embedding
We embed both the type and time of each event into sep-
arate vectors and then add them. To be more specific, we
map each event type to an embedding vector Ee(k), which is
trainable. With trigonometric functions, we embed the time
information to a vector Ep(t), which is called positional en-
coding in transformer language models (cf. Appendix A). We
use the sum of the two embeddings, {Ee(kj) ⊕ Ep(tj)}Nj=1

as the discrete hidden representations {zj}Nj=1, i.e., zj =
Ee(kj)⊕Ep(tj).

3.3 Occurrence Dynamics and Continuous
Intensity Function

With {zj}Nj=1, we calculate the continuous hidden represen-
tation h(tj) for any arbitrary j, where t1 ≤ tj , based on the
neural CDE framework as follows:

h(tj) = h(t1) +

∫ tj

t1

f(h(t); θf )
dZ(t)

dt
dt, (5)

where Z(t) is a continuous path created by an interpolation
algorithm from {(zj , tj)}Nj=1. The well-posedness2 of neu-
ral CDEs is proved in [Lyons et al., 2004, Theorem 1.3] un-
der the Lipschitz continuity requirement (cf. Appendix B).
Neural CDE layer is able to generate the continuous hidden
representation h(tj), where t1 ≤ tj , even when the sequence
{(zj , tj)}Nj=1 is an irregular time-series, i.e., the inter-arrival
time varies from one case to another.

This continuous property enables our model to exactly
solve the integral problem of the non-event log-likelihood.

2The well-posedness of an initial value problem means that i) its
unique solution, given an initial value, exists, and ii) its solutions
continuously change as initial values change.

That is, the non-event log-likelihood can be re-written as the
following ODE form:

a(tN ) =

∫ tN

t1

λ∗(t)dt, (6)

where the conditional intensity function of Eqs. (2) and (3) is,
in our case, the sum of the conditional intensity functions of
all event types as follows:

λ∗(t) =
K∑

k=1

λ∗k(t), λ∗k(t) = ϕk(W
intst⊤
k h(tj)), (7)

where Wintst
k is a weight matrix of intensity about type k, and

therefore, Wintst⊤
k h(tj) is a linear projected representation

which has the history of events before time tj . ϕk(x) :=
βk log(1+exp(x/βk)) is the softplus function with a param-
eter βk to be learned. The softplus function is used to restrict
the intensity function to have only positive values. Therefore,
the log-probability of HP-CDE for any event sequence X is
redefined from Eq. (4) as:

log p(X) =

N∑
j=1

log λ∗(tj)− a(tN ). (8)

As a result, we can naturally define the following aug-
mented ODE, where h(t) and a(t) are combined:

d

dt

[
h(t)
a(t)

]
=

[
f(h(t); θf )

dZ(t)
dt

λ∗(t)

]
(9)

and [
h(t1)
a(t1)

]
=

[
π(z(t1); θπ)

0

]
, (10)

where π is a fully connected layer. The neural network f is
defined as follows:

f(h(t)) = Tanh(πM (ELU(· · · (ELU(π1(h(t))))))), (11)

which consists of fully connected layers with the ELU or the
hyperbolic tangent activation. The number of layers M is a
hyperparameter.

In Zuo et al. [Zuo et al., 2020], the generated hidden repre-
sentations from the self-attention module of their transformer
have discrete time stamps, and therefore, its associated inten-
sity function definition is inevitably discrete. For that reason,
they rely on a heuristic method, e.g., Monte Carlo method,
to calculate the non-event log-likelihood. In our case, how-
ever, the physical time is modeled in a continuous manner
and therefore, the exact non-event log-likelihood can be cal-
culated as in Eq. (6).

3.4 Prediction Layer
Our model has three prediction layers as in other Hawkes pro-
cess models: i) next event type, ii) next event time, and iii) the
event log-likelihood (cf. Figure 3). We use Eq. (7) to calcu-
late the event log-likelihood.
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Figure 3: Prediction layer of HP-CDE

For the event type and time predictions, we predict
{t̂j}N+1

j=2 and {k̂j}N+1
j=2 after reading X = {(kj , tj)}Nj=1. For

the event type prediction layer, we use the following method:

p̂j+1 = Softmax(Wtypeh(tj)),

k̂j+1 = argmax
k

p̂j+1(k),
(12)

where Wtype is a trainable parameter and p̂j+1(k) is the prob-
ability of type k at time tj+1. For the event time prediction
layer, we use the following definition:

t̂j+1 = Wtimeh(tj), (13)

where Wtime is a trainable parameter.

3.5 Training Algorithm
Our loss definition consists of three parts. The first part is the
following MLE loss, i.e. maximizing the log-likelihood (cf.
Eq. (8)):

max

S∑
i=1

log p(Xi), (14)

where S is the number of training samples. While train-
ing, the log-intensity of each observed event increases and
the non-event log-likelihood decreases in the whole interval
[t1, tN ].

The second loss is the event type loss function which is
basically a cross-entropy term as follows:

Ltype(X) =
N+1∑
j=2

−k⊤
j log(p̂j), (15)

where kj is a one-hot vector for the event type kj . In the
case of the event time loss, we use the inter-arrival time τi =
ti − ti−1 to compute the loss as follows:

Ltime(X) =
N+1∑
j=2

(τj − τ̂j)2. (16)

Therefore, the overall objective function of HP-CDE can
be written as follows:

min

S∑
i=1

−α1 log p(Xi) + Ltype(Xi) + α2Ltime(Xi), (17)

where α1 and α2 are hyperparameters.

Algorithm 1 How to train HP-CDE
Input: Training data Dtrain, Iteration numbers max iter

1: Initialize all the parameters of the embedding and the
neural CDE layer

2: iter ← 0
3: while iter < max iter do
4: Sample a mini-batch {Xi}Si=1 ∈ Dtrain

5: Calculate the embedding vectors, i.e, Ee(kj), and
Ep(tj)

6: Calculate the discrete hidden representation zj , ∀j
7: Calculate the continuous hidden representation h(t)

using neural CDE and compute the non-event log-
likelihood using ODE solver with Eq. (6) over time

8: Update the parameters with Eq. (17)
9: if the loss does not decrease for δ iterations then

10: exit
11: end if
12: end while
13: return the trained parameters

In Alg. (1), we show the training algorithm. We first ini-
tialize all the parameters. From our training data, we ran-
domly build a mini-batch {Xi}Si=1 in Line 4 — the optimal
mini-batch size varies from one dataset to another. After feed-
ing the constructed mini-batch into our model, we calculate
the discrete and continuous hidden representations in Lines 6
and 7. With the loss in Eq. (17), we train our model. We
repeat the steps max iter times.

4 Experiments

4.1 Experimental Environments

Experimental Settings
In this section, we compare the model performance of HP-
CDE with 4 state-of-the-art baselines on 4 datasets. Each
dataset is split into the training set and the testing set. The
training set is used to tune the hyperparameters and the test-
ing set is used to measure the model performance. We eval-
uate the models with three metrics: i) log-likelihood (LL) of
X = {(kj , tj)}Nj=1, ii) accuracy (ACC) on the event type
prediction, and iii) root mean square error (RMSE) on the
event time prediction. We train each model 100 epochs and
report the mean and standard deviation of the evaluation met-
rics of five trials with different random seeds. We compare
our model with various baselines (cf. Section 2.2): Recurrent
Marked Temporal Point Process (RMTPP)3, Neural Hawkes
Process (NHP)4, Self-Attentive Hawkes Process (SAHP)5,
and Transformer Hawkes Process (THP)6. More details in-
cluding hyperparameter configurations are in Appendix C.

3https://github.com/dunan/NeuralPointProcess
4https://github.com/hongyuanmei/neural-hawkes-particle-

smoothing
5https://github.com/QiangAIResearcher/sahp repo
6https://github.com/SimiaoZuo/Transformer-Hawkes-Process
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Dataset Model LL ↑ ACC ↑ RMSE ↓ Memory Training
usage(MB) time(m)

MIMIC

RMTPP -1.222±0.080 0.823±0.014 1.035±0.023 3 0.004
NHP -0.647±0.051 0.534±0.015 0.976±0.020 13 0.045

SAHP -0.859±0.328 0.555±0.171 1.138±0.059 34 0.037
THP -0.233±0.012 0.741±0.021 0.856±0.040 9 0.012

HP-CDE 2.573±0.201 0.847±0.007 0.726±0.042 58 0.058

MemeTracker

RMTPP NaN 0.006±0.000 NaN 1,708 0.425
NHP -9.395±2.814 0.044±0.003 441.293±0.233 5,096 12.263

SAHP 2.160±0.324 0.009±0.000 521.672±4.071 32,894 6.642
THP -5.717±0.649 0.015±0.000 446.477±2.665 891 2.610

HP-CDE 3.846±0.626 0.151±0.005 441.223±3.480 3,669 3.817

Retweet

RMTPP NaN 0.490±0.000 NaN 210 0.044
NHP -9.082±0.125 0.547±0.010 16,630.956±0.217 750 17.820

SAHP 1.904±0.566 0.505±0.067 16,648.339±1.436 13,276 0.197
THP -7.347±0.268 0.499±0.013 15,050.470±26.712 1,582 0.142

HP-CDE 6.844±0.539 0.552±0.009 15,849.218±269.068 197 6.236

StackOverFlow

RMTPP -1.894±0.002 0.429±0.000 1.321±0.002 27 0.040
NHP -7.726±0.581 0.434±0.015 1.027±0.027 449 3.556

SAHP -0.431±0.225 0.244±0.002 4.525±1.098 11,080 0.147
THP -0.554±0.001 0.449±0.001 0.973±0.001 4,585 0.169

HP-CDE 7.348±0.466 0.452±0.001 0.996±0.017 44 6.878

Table 2: Experimental results.↑ (resp. ↓) denotes that the higher (resp. lower) the better, and we use boldface to denote the best score.

Dataset K
Sequence length # EventsMin Average Max

MIMIC 75 2 4 26 1,930
MemeTracker 5000 1 3 31 123,639

Retweet 3 50 109 264 2,173,533
StackOverFlow 22 41 72 720 345,116

Table 3: Characteristics of datasets used in experiments

Datasets
To show the efficacy and applicability of our model, we eval-
uate using various real-world data. MemeTracker [Leskovec
and Krevl, June 2014], Retweet [Zhao et al., 2015], and
StackOverFlow [Leskovec and Krevl, June 2014], are col-
lected from Stackoverflow, web articles, and Twitter, respec-
tively. We also use a medical dataset, called MIMIC [John-
son et al., 2016]. We deliberately choose the datasets with
various average sequence lengths and event type numbers K
to show the general efficacy of our model. The average se-
quence length ranges from 3 to 109, and the number of event
types K ranges from 3 to 5000 (cf. Table 3). That is, we
cover not only from simple to complicated ones, but also from
short-term to long-term sequences. Details of datasets are in
Appendix C.3.

4.2 Experimental Results
We show the experimental results of each model on MIMIC,
MemeTracker, Retweet, and StackOverFlow in Table 2. We
analyze the results in three aspects: i) the event prediction,
ii) the log-likelihood, and iii) the model complexity. Ablation
and sensitivity analyses are in Appendix D and E.

Event Prediction
HP-CDE outperforms other baselines with regards to both the
event type and the event time prediction in most cases as re-

Model Dataset
MIMIC MemeTracker

RMTPP 0.385±0.037 0.000±0.000
NHP 0.126±0.018 0.011±0.002

SAHP 0.108±0.112 0.000±0.000
THP 0.162±0.016 0.000±0.000

HP-CDE 0.452±0.035 0.069±0.004

Table 4: F1 score (↑) for imbalanced datasets

ported in Table 2. To be specific, in terms of accuracy, HP-
CDE shows the best performance in every dataset. These re-
sults imply that processing data in a continuous manner is im-
portant when it is in a continuous time domain. Even though
HP-CDE only shows the lowest RMSE on datasets with short
sequnce length, MIMIC and MemeTracker, we provide the
solution to lower RMSE of HP-CDE when using datasets
with long sequence length in Section 4.3.

For the imbalanced datasets of MIMIC and MemeTracker,
where only 20% of types occupy 90% and 70% of events
each, we do the following additional analyses. Notably, HP-
CDE attains an accuracy of 0.151 in MemeTracker, which is
up to 243% higher than those of baselines, and an RMSE of
0.726 in MIMIC, about 15% lower. Furthermore, we use the
macro F1 score to measure the quality of type predictions.
As shown in Table 4, our model shows the best F1 score
in both of the imbalanced datasets. Especially for Meme-
Tracker, models with attention modules have relatively low
F1 scores, indicating that when there exist too many classes
and if they are imbalanced, attentions are overfitted to several
frequently occurring classes. This phenomenon is also ob-
served in Figure 4. In Figure 4, HP-CDE shows the most di-
verse predictions in terms of the number of predicted classes.
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Figure 4: The number of classes in test data vs. the number of
classes in correct event type predictions, i.e., hits. HP-CDE pro-
vides not only accurate but also diverse predictions.
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Figure 5: Training curves on Retweet and MemeTracker. HP-CDE
shows the highest log-likelihood with the fastest convergence speed.

Particularly, in Figure 4 (b), HP-CDE successfully predicts
for 1,164 classes among 2,604 classes, which is almost 50%
of the classes in test data, whereas NHP, SAHP, and THP pre-
dict only for 217, 4, and 7 classes, respectively.

Regardless of the characteristics of datasets, e.g., the num-
ber of types, the degree of imbalance, and so on, our model
shows outstanding prediction results, which prove the impor-
tance of continuous processing and computing the exact log-
likelihood leading to more accurate learning of dynamics.

Log-likelihood Calculation
As shown in Table 2, our models always show the best log-
likelihood, outperforming others by large margins, on every
dataset. One remarkable point is that our log-likelihood is al-
ways positive, while baselines show negative values in many
cases. That is, in HP-CDE, the event log-likelihood exceeds
the non-event log-likelihood at all times.

Figure 5 shows the training curves of models fitted on
Retweet and MemeTracker in a log-scale. First of all, HP-
CDE show the best log-likelihood at every training epoch.
Overall, except THP, the log-likelihood of MemeTracker
tends to be more unstable than that of Retweet, since Meme-
Tracker has about 1,700 times more event types than Retweet.

Memory Usage
Table 2 also recaps the model complexity. Exactly calculating
the non-event log-likelihood using ODE solvers incurs addi-
tional memory usage, so that the model uses bigger memory
than those of other sampling methods such as Monte Carlo
sampling. Especially when the number of event types K is
large, i.e., MIMIC and MemeTracker, the complexity of HP-
CDEs increases as we exactly compute the non-event log-
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Figure 6: Additional study on long-sequence datasets, comparing
accuracy and RMSE of HP-CDE-AT to HP-CDE and THP.

likelihood for every event type. However, when K is rela-
tively small, owing to the adjoint sensitivity method [Chen et
al., 2018; Kidger et al., 2020], HP-CDE’s memory footprint
notably decreases. For example, when using Retweet with
K = 3, the space complexity of HP-CDE is almost 1% of
that of THP.

4.3 Additional Study on the Long Sequence
Length

While HP-CDE shows a good performance on the datasets
with relatively short sequence lengths, i.e., MIMIC and
MemeTracker, its RMSE results on others with longer se-
quence lengths, i.e., Retweet and StackOverFlow, are slightly
larger than those of THP’s. Therefore, to effectively deal with
long sequence datasets, we put the self-attention part of trans-
former [Vaswani et al., 2017] right before the neural CDE
layer and name the model HP-CDE-AT. Experimental results
of HP-CDE-AT in comparison with HP-CDE and THP, which
shows the highest score among baselines, are summarized in
Figure 6. According to Figure 6 (a), HP-CDE-AT achieves
the smallest RMSE, improving the performance of the ori-
gianl HP-CDE model. Remarkably, in Figure 6 (b), HP-CDE-
AT even shows the best performance on StackOverFlow in
both metrics, accuracy and RMSE. In conclusion, since HP-
CDE-AT attains overall best results on longer datasets, HP-
CDE-AT is one good option for long sequence datasets (cf.
Appendix F).

5 Conclusions

Temporal point processes are frequently used in real-world
applications to model occurrence dynamics in various fields.
In particular, deep learning-based Hawkes process models
have been extensively studied. However, we identified the
two possible enhancements from the literature and presented
HP-CDE to overcome the limitations. First, we use neu-
ral CDEs to model occurrence dynamics since one of their
main application areas is to model uncertainties in human
behaviors. Second, we exactly calculate the non-event log-
likelihood which is one important part of the training ob-
jective. Existing work uses heuristic methods for it, which
makes the training process unstable sometimes. In our exper-
iments, consequently, our presented method significantly out-
performs them and shows the most diverse predictions, i.e.,
the least overfitting.
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