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Abstract

Levin Tree Search (LTS) is a search algorithm that
makes use of a policy (a probability distribution
over actions) and comes with a theoretical guar-
antee on the number of expansions before reach-
ing a goal node, depending on the quality of the
policy. This guarantee can be used as a loss func-
tion, which we call the LTS loss, to optimize neu-
ral networks representing the policy (LTS+NN). In
this work we show that the neural network can
be substituted with parameterized context models
originating from the online compression literature
(LTS+CM). We show that the LTS loss is convex
under this new model, which allows for using stan-
dard convex optimization tools, and obtain conver-
gence guarantees to the optimal parameters in an
online setting for a given set of solution trajecto-
ries — guarantees that cannot be provided for neu-
ral networks. The new LTS+CM algorithm com-
pares favorably against LTS+NN on several bench-
marks: Sokoban (Boxoban), The Witness, and the
24-Sliding Tile puzzle (STP). The difference is par-
ticularly large on STP, where LTS+NN fails to
solve most of the test instances while LTS+CM
solves each test instance in a fraction of a sec-
ond. Furthermore, we show that LTS+CM is able to
learn a policy that solves the Rubik’s cube in only
a few hundred expansions, which considerably im-
proves upon previous machine learning techniques.

1 Introduction

We ! consider the problem of solving a set of deterministic
single-agent search problems of a given domain, by starting
with little prior domain-specific knowledge. We focus on al-
gorithms that learn from previously solved instances to help
solve the remaining ones. We consider the satisficing setting
where solvers should (learn to) quickly find a solution, rather
than to minimize the cost of the returned solutions.

Levin Tree Search (LevinTS, LTS) is a tree search algo-
rithm for this setup that uses a policy, i.e., a probability distri-

! Appendices: http://arxiv.org/abs/2305.16945.  Source code:

https://github.com/deepmind/levintreesearch_cm.
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bution over actions, to guide the search [Orseau et al., 2018].
LTS has a guarantee on the number of search steps required
before finding a solution, which depends on the probability of
the corresponding sequence of actions as assigned by the pol-
icy. Orseau and Lelis [2021] showed that this guarantee can
be used as a loss function. This LTS loss is used to optimize
a neural-network (NN) policy in the context of the Bootstrap
search-and-learn process [Jabbari Arfaee ef al., 2011]: The
NN policy is used in LTS (LTS+NN) to iteratively solve an
increasing number of problems from a given set, optimizing
the parameters of the NN when new problems are solved to
improve the policy by minimizing the LTS loss.

One constant outstanding issue with NNs is that the loss
function (whether quadratic, log loss, LTS loss, etc.) is al-
most never convex in the NN’s parameters. Still, most of the
time NN are trained using online convex optimization algo-
rithms, such as stochastic gradient descent, Adagrad [Duchi
et al., 2011], and its descendants. Such algorithms often
come with strong convergence or regret guarantees that only
hold under convexity assumptions, and can help to under-
stand the effect of various quantities (number of parameters,
etc.) on the learning speed [Zinkevich, 2003; Hazan, 2016;
Boyd and Vandenberghe, 2004]. In this paper we present pa-
rameterized context models for policies that are convex with
respect to the model’s parameters for the LTS loss. Such mod-
els guarantee that we obtain an optimal policy in terms of LTS
loss for a given set of training trajectories — a guarantee NNs
do not have.

The context models we introduce for learning policies are
based on the models from the online data compression litera-
ture [Rissanen, 1983; Willems et al., 1995]. Our context mod-
els are composed of a set of contexts, where each context is
associated with a probability distribution over actions. These
distributions are combined using product-of-experts [Hinton,
2002] to produce the policy used during the LTS search. The
expressive power of product-of-experts comes mainly from
the ability of each expert to (possibly softly) veto a particu-
lar option by assigning it a low probability. A similar com-
bination using geometric mixing [Mattern, 2013; Matthew,
2005] (a geometrically-parameterized variant of product-of-
experts) in a multi-layer architecture has already proved com-
petitive with NNs in classification, regression and density
modelling tasks [Veness et al., 2017; Veness et al., 2021;
Budden et al., 2020]. In our work the context distributions
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are fully parameterized and we show that the LTS loss is con-
vex for this parameterization.

In their experiments, Orseau and Lelis [2021] showed that
LTS+NN performs well on two of the three evaluated do-
mains (Sokoban and The Witness), but fails to learn a pol-
icy for the 24-Sliding Tile Puzzle (STP). We show that LTS
with context models optimized with the LTS loss within the
Bootstrap process is able to learn a strong policy for all three
domains evaluated, including the STP. We also show that LTS
using context models is able to learn a policy that allows it to
find solutions to random instances of the Rubik’s Cube with
only a few hundred expansions. In the context of satisficing
planning, this is a major improvement over previous machine-
learning-based approaches, which require hundreds of thou-
sands expansions to solve instances of the Rubik’s Cube.

We start with giving some notation and the problem defi-
nition (Section 2), before describing the LTS algorithm, for
which we also provide a new lower bound on the number of
node expansions (Section 3). Then, we describe parameter-
ized context models and explain why we can expect them to
work well when using product-of-experts (Section 4), before
showing that the LTS loss function is convex for this param-
eterization (Section 5) and considering theoretical implica-
tions. Finally we present the experimental results (Section 6)
before concluding (Section 7).

2 Notation and Problem Definition

A table of notation can be found in Appendix I. We write
[t] = {1,2,...t} for a natural number ¢. The set of nodes
is N and is a forest, where each tree in the forest represents
a search problem with the root being the initial configuration
of the problem. The set of children of a node n € N is
C(n) and its parent is par(n); if a node has no parent it is
a root node. The set of ancestors of a node is anc(n) and
is the transitive closure of par(-); we also define anc (n) =
anc(n)U{n}. Similarly, desc(n) is the set of the descendants
of n, and descy(n) = desc(n) U {n}. The depth of a node
is d(n) = |anc(n)|, and so the depth of a root node is 0. The
root root(n) of a node n is the single node ny € ancy(n)
such that ng is a root. A set of nodes N is a tree in the
forest A/ if and only if there is a node n® € N’ such that
Uenr root(n) = {n°}. Let NV = |, root(n) be the
set of all root nodes. We write n(; for the node at depth
j € [d(n)] on the path from root(n) = njy to n = ng())-
Let N* C N be the set of all solution nodes, and we write
N*(n) = N* Ndesc (n) for the set of solution nodes under
n. A policy m is such that for all n € N and for all n’ €
C(n) : m(n' | n) = O0and 3°, ccqym(n | n) < 1. The
policy is called proper if the latter holds as an equality. We
define, for all n’ € C(n), 7(n') = w(n)w(n’ | n) recursively
and w(n) = 1 if n is a root node.

Edges between nodes are labeled with actions and the chil-
dren of any node all have different labels, but different nodes
can have overlapping sets of actions. The set of all edge la-
belsis A. Let a(n) be the label of the edge from par(n) to n,
and let A(n) be the set of edge labels for the edges from node
n to its children. Then n # n’ A par(n) = par(n’) implies

a(n) # a(n').
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Starting at a given root node nY, a tree search algorithm
expands a set A C desc (n°) until it finds a solution node
in A*(n%). In this paper, given a set of root nodes, we are
interested in parameterized algorithms that attempt to mini-
mize the cumulative number of nodes that are expanded be-
fore finding a solution node for each root node, by improv-
ing the parameters of the algorithm from found solutions, and
with only little prior domain-specific knowledge.

3 Levin Tree Search

Levin Tree Search (LevinTS, which we abbreviate to LTS
here) is a tree/graph search algorithm based on best-first
search [Pearl, 1984] that uses the cost function 2 n —
d(n)/m(n) [Orseau et al., 2018, which, for convenience, we
abbreviate as £ (n). That is, since 4 (-) is monotonically in-
creasing from parent to child, LTS expands all nodes by in-
creasing order of %() (Theorem 2, Orseau et al. [2018]).

Theorem 1 (LTS upper bound, adapted from Orseau et
al. [2018], Theorem 3). Let m be a policy. For any node
n* € N, let N(n*) = {n € N : root(n) = root(n*) A
4(n) < 4(n*)} be the set of nodes within the same tree with

cost at most that of n*. Then

— d(n*)
<1 .

W) < 1+ S0

Proof. Let L be the set of leaves of N'(n*), then

N <1+ dn) =1+ x(n)d(n)

neLl neLl
<143 w(n)dn*) <14 4(n*),
nel
where we used Lemma 10 (in Appendix) on the last inequal-
ity. O

The consequence is that LTS started at root(n*) expands
at most 1 + %(n*) nodes before reaching n*.

Orseau and Lelis [2021] also provides a related lower
bound showing that, for any policy, there are sets of prob-
lems where any algorithm needs to expand (2 (n*)) nodes
before reaching some node n* in the worst case. They also
turn the guarantee of Theorem 1 into a loss function, used to
optimize the parameters of a neural network. Let A/ be a set
of solution nodes whose roots are all different, define the LTS
loss function:

LAY = Y ) 1)
neN’

which upper bounds the total search time of LTS to reach
all nodes in N’. Equation (1) is the loss function used in
Algorithm 2 (Appendix A) to optimize the policy — but a
more precise definition for context models will be given later.
To further justify the use of this loss function, we provide
a lower bound on the number of expansions that LTS must
perform before reaching an (unknown) target node.

*Orseau et al. [2018] actually use the cost function (d(n) +
1)/7(n). Here we use d(n)/m(n) instead which is actually (very)
slightly better and makes the notation simpler. All original results
can be straightforwardly adapted.
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Theorem 2 (Informal lower bound). For a proper policy 7
and any node n*, the number of nodes whose % cost is at

most that of n* is at least [é—%(n*) —1]/(JA| = 1), where

d — 1 is the average depth of the leaves of those nodes.
A more formal theorem is given in Appendix B.

Example 3. For a binary tree with a uniform policy, since
d = d(n*) + 1, the lower bound gives 2d/(d + 1) — 1 nodes
for anode n* at depth d and of probability 2%, which is quite
tight since the tree has 2% — 1 nodes. The upper bound 1+d2%
is slightly looser.

Remark 4. Even though pruning (such as state-equivalence
pruning) can make the policy improper, in which case the
lower bound does not hold and the upper bound can be loose,
optimizing the parameters of the policy for the upper bound
still makes sense, since pruning can be seen as a feature
placed on top of the policy — that is, the policy is optimized
as if pruning is not used. It must be noted that for optimiza-
tion Orseau and Lelis [2021] (Section 4) use the log gradient
trick to replace the upper bound loss with the actual number
of expansions in an attempt to account for pruning; as the re-
sults of this paper suggest, it is not clear whether one should
account for the actual number of expansions while optimizing
the model.

4 Context Models

Now we consider that the policy 7 has some parameters 3 €
B (where B C R* for some k, which will be made more
precise later) and we write 7(-; 8) when the parameters are
relevant to the discussion. As mentioned in the introduction,
we want the LTS loss function of Eq. (1) to be convex in the
policy’s parameters, which means that we cannot use just any
policy — in particular this rules out deep neural networks.
Instead, we use context models, which have been widely used
in online prediction and compression (e.g., [Rissanen, 1983;
Willems et al., 1995; Matthew, 2005; Veness et al., 2021]).

The set of contexts is Q. A context is either active or in-
active at a given node in the tree. At each node n, the set
of active contexts is Q(n), and the policy’s prediction at n
depends only on these active contexts.

Similarly to patterns in pattern databases [Culberson and
Schaeffer, 1998], we organize contexts in sets of mutually ex-
clusive contexts, called mutex sets, and each context belongs
to exactly one mutex set. The set of mutex sets is M. For ev-
ery mutex set M € M, for every node n, at most one context
is active per mutex set. In this paper we are in the case where
exactly one context is active per mutex set, which is what hap-
pens when searching with multiple pattern databases, where
each pattern database provides a single pattern for a given
node in the tree. When designing contexts, it is often more
natural to directly design mutex sets. See Figure 1 for an ex-
ample, omitting the bottom parts of (b) and (d) for now.

To each context ¢ € Q we associate a predictor p. : A —
[0, 1] which is a (parameterized) categorical probability dis-
tribution over edge labels that will be optimized from training
data — the learning part will be explained in Section 5.1.

To combine the predictions of the active contexts at some
node n, we take their renormalized product, as an instance of

product-of-experts [Hinton, 2002]:

Hce o(n) Pec (a)
Za’ €A(n) Hce Q(n) pe(a’)

We refer to the operation of Eq. (2) as product mixing, by re-
lation to geometric mixing [Mattern, 2013], a closely related
operation. Then, one can use px(n,a) to define the policy
m(n'|n) = px(n,a(n’)) to be used with LTS.

The choice of this particular aggregation of the individual
predictions is best explained by the following example.

Va € A(n) : px(n,a) = (2)

Example 5 (Wisdom of the product-of-experts crowd). Fig-
ure 1 (a) and (b) displays a simple maze environment where
the agent is coming from the left. The only sensible action
is to go Up (toward the exit), but no single context sees the
whole picture. Instead, they see only individual cells around
the agent, and one context also sees (only) the previous action
(which is Right). The first two contexts only see empty cells to
the left and top of the agent, and are uninformative (uniform
probability distributions) about which action to take. But the
next three contexts, while not knowing what to do, know what
not to do. When aggregating these predictions with product
mixing, only one action remains with high probability: Up.

Example 6 (Generalization and specialisation). Another ad-
vantage of product mixing is its ability to make use of both
general predictors and specialized predictors. Consider a
mutex set composed of m contexts, and assume we have a
total of M data points (nodes on solution trajectories). Due
to the mutual exclusion nature of mutex sets, these M data
points must be partitioned among the m contexts. Assum-
ing for simplicity a mostly uniform partitioning, then each
context receives approximately M /m data points to learn
from. Consider the mutex sets in Fig. 1 (b): The first 4 mu-
tex sets have size 3 (each context can see a wall, an empty
cell or the goal) and the last one has size 4. These are very
small sizes and thus the parameters of the contexts predictors
should quickly see enough data to learn an accurate distribu-
tion. However, while accurate, the distribution can hardly be
specific, and each predictor alone is not sufficient to obtain
a nearly-deterministic policy — though fortunately product
mixing helps with that. Now compare with the 2-cross mu-
tex set in Fig. 1 (d), and assume that cells outside the grid are
walls. A quick calculation, assuming only one goal cell, gives
that it should contain a little less than 1280 different contexts.
Each of these contexts thus receives less data to learn from on
average than the contexts in (b), but also sees more informa-
tion from the environment which may lead to more specific
(less entropic) distributions, as is the case in situation (c).

Remark 7. A predictor that has a uniform distribution has no
effect within a product mixture. Hence, adding new predictors
initialized with uniform predictions does not change the pol-
icy, and similarly, if a context does not happen to be useful to
learn a good policy, optimization will push its weights toward
the uniform distribution, implicitly discarding it.

Hence, product mixing is able to take advantage of both
general contexts that occur in many situations and specialised
contexts tailored to specific situations — and anything in-
between.
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Figure 1: (a) A simple maze environment. The dark gray cells are walls, the green circle is a goal. The blue arrow symbolizes the fact that
the agent (red triangle) is coming from the left. (b) A simple context model with five mutex sets: One mutex set for each of the four cells
around the triangle, and one mutex set for the last chosen action. Each of the first four mutex sets contains three contexts (wall, empty cell,
goal), and the last mutex set contains four contexts (one for each action). The 5 active contexts (one per mutex set) for the situation shown
in (a) are depicted at the top, while their individual probability predictions are the horizontal blue bars for each of the four actions. The last
column is the resulting product mixing prediction of the 5 predictions. No individual context prediction exceeds 1/3 for any action, yet the
product mixing prediction is close to 1 for the action Up. (c) Another situation. (d) A different set of mutex sets for the situation in (c): A
1-cross around the agent, a 2-cross around the agent, and the last action. The specialized 2-cross context is certain that the correct action is
Right, despite the two other contexts together giving more weight to action Down. The resulting product mixing gives high probability to
Right, showing that, in product mixing, specialized contexts can take precedence over less-certain more-general contexts.

Our LTS with context models algorithm is given in Algo-
rithm 1, building upon the one by Orseau and Lelis [2021]
with a few differences. As mentioned earlier, it is a best-
first search algorithm and uses a priority queue to main-
tain the nodes to be expanded next. It is also budgeted
and returns "budget_reached" if too many nodes have
been expanded. It returns "no_solution" if all nodes
have been expanded without reaching a solution node —
assuming safe pruning or no pruning. Safe pruning (us-
ing visited_states) can be performed if the policy is
Markovian [Orseau ef al., 2018], which is the case in par-
ticular when the set of active contexts Q(n) depends only
on state(n). The algorithm assumes the existence of
application-specific state and state_transition
functions, such that state(n’)= state_transition
(state(n),a(n’)) forall n’ € C(n). Note that with context
models the prediction w(n’ | n) depends on the active con-
texts Q(n) but not on the state of a child node. This allows
us to delay the state transition until the child is extracted from
the queue, saving up to a branching factor of state transitions
(see also [Agostinelli et al., 2021]).

Remark 8. In practice, usually a mutex set can be imple-
mented as a hashtable as for pattern databases: the active
context is read from the current state of the environment, and
the corresponding predictor is retrieved from the hashtable.
This allows for a computational cost of O(log|M|) per mu-
tex set M, or even O(1) with perfect hash functions, and thus
O(>_nren log | M) which is much smaller than |Q|. Using
an imperfect hashtable, only the contexts that appear on the
paths to the found solution nodes need to be stored.

5 Convexity

Because the LTS loss in Eq. (1) is different from the log
loss [Cesa-Bianchi and Lugosi, 2006] (due to the sum in-
between the products), optimization does not reduce to max-
imum likelihood estimation. However, we show that convex-
ity in the log loss implies convexity in the LTS loss. This
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means, in particular, that if a probability distribution is log-
concave (such as all the members of the exponential family),
that is, the log loss for such models is convex, then the LTS
loss is convex in these parameters, too.

First we show that every sequence of functions with a con-
vex log loss also have convex inverse loss and LTS loss.

Theorem 9 (Log loss to inverse loss convexity). Let
f1, f2, ... fs be a sequence of positive functions with f; :
R™ — (0, 00) foralli € [s] and such that B — —log fi(B) is
convex for eachi € [s), then L(3) = >, T 7P i convex,
where each (k,t) corresponds to a unique index in [s].

The proof is in Appendix E.1. For a policy «(-; 8) pa-
rameterized by 3, the LTS loss in Eq. (1) is Ly#(8) =
S penr d(nF)/m(n*; B), and its convexity follows from The-

orem 9 by taking fro(-) = 1/d(n*), and fi.(8) =

k

F(nﬁ]|nﬁ71];ﬁ) such that [T2") £ 4(8) = m(nk; B).

Theorem 9 means that many tools of compression and on-
line prediction in the log loss can be transferred to the LTS
loss case. In particular, when there is only one mutex set
(IM| = 1), the f; are simple categorical distributions, that is,
fi(B) = B;, for some index j;, and thus — log f; is a convex
function, so the corresponding LTS loss is convex too. Unfor-
tunately, the LTS loss function for such a model is convex in 3
only when there is only one mutex set, | M| = 1. Fortunately,
it becomes convex for M| > 1 when we reparameterize the
context predictors with 8 ~~+ exp 3.

Let ;.4 € [Inejow, 0] be the value of the parameter of the
predictor for context c for the edge label a. Then the predic-
tion of a context c is defined as

exp(ﬂc,a)
Za/EA(n) exp(Bear)

Va € A(n) : pe(a; 8) = 3)

We can also now make precise the definition of B: B =
[In €1ow, 0]/ €14, and note that p.(a; 8) > €low/|A(n)]. Sim-

ilarly to geometric mixing [Mattern, 2013; Mattern, 2016], it
can be proven that context models have a convex log loss, and
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Algorithm 1 Budgeted LTS with context models. Returns a
solution node if any is found, or "budget_reached" or
"no_solution™.

# n%: root node
# B: node expansion budget
# B: parameters of the context models
def LTS+CM(n®, B, f):
g = priority_queue()
# tuple: {%, d, m,, node, state, action}
tup = {0, O, 1, n?, state(nY), False}
g.insert (tup) # insert root node/state
visited states = {} # dict: state(n) —> mw(n)
repeat forever:
if g is empty: return "no_solution"
# Extract the tuple with minimum cost %

%n, d, m,, n, s_parent, a = g.extract_min()

if n € N*: return n # solution found

s = state_transition(s_parent, a) if a else
S_parent

s = visited states.get (s, default=0)

’rl(n,s.) < :;I(n): s = state(ny)

Tr

# Note: BFS ensures
# Optional: Prune the search if s is better
if ws > m,: continue

else: visited states.set(s, m,)

# Node expansion

expanded += 1

if expanded == B: return "budget_reached"

Z = X acam) lleccom)pela; B) # normalizer
for n’ € C(n):

a =a(n') # action

# Product mixing of the active contexts’

predictions
Px.a = %Hceg(n)pc(a;ﬂ) # See Eq. (3)
# Action probability, €npix ensures Tp > 0

Tt = Tn((l _Smix)px7a + %)
g.insert ({ (A1) /mns, A1, Tu, n', s, a})

thus their LTS loss is also convex by Theorem 9. In Appendix
E.2 we provide a more direct proof, and a generalization to
the exponential family for finite sets of actions.

Plugging (3) into Eq. (2) and pushing the probabilities
away from 0 with e;x > 0 [Orseau et al., 2018] we obtain
the policy’s probability for a child n’ of n (i.e., for the action
a(n’) at node n) with parameters S:

exp(zceg(n) Bc,a)

px(n,a; ) = . @
2a'e A(n) €XP (Zceg(n) 5&&’)
m(n' | n;B) = (1 — emix)px (n,a(n’); B) + |j‘E‘:;‘)‘ G

5.1 Optimization

We can now give a more explicit form of the LTS loss func-
tion of Eq. (1) for context models with a dependency on the
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parameters 3, for a set of solution nodes A/ assumed to all
have different roots:

LN, B) =) 4n,B), ©
neN’
n, B) = - 7
) = ) | S TN OPEY:)
d(n)—1

d(n) H Z exp

3=0 a’€A(ny;)

S>> Bew — Beatny

ceQ(ngy))

where a(n;11)) should be read as the action chosen at step
7, and the last equality follows from Egs. (4) and (5) where
we take enix = 0 during optimization. Recall that this loss
function L gives an upper bound on the total search time (in
node expansions) required for LTS to find all the solutions N’
for their corresponding problems (root nodes), and thus opti-
mizing the parameters corresponds to optimizing the search
time.

5.2 Online Search-and-Learn Guarantees

Suppose that at each time step t = 1,2..., the learner re-
ceives a problem n? (aroot node) and uses LTS with param-
eters 3¢ € B until it finds a solution node n; € N*(n?). The
parameters are then updated using n; (and previous nodes)
and the next step t 4 1 begins.

Let Ny = (nq,...,n;) be the sequence of found solution
nodes. For the loss function of Eq. (6), after ¢ found solu-
tion nodes, the optimal parameters in hindsight are (3}
argming. g L(N?, B). We want to know how the learner fares
against 8 — which is a moving target as ¢ increases. The
regret [Hazan, 2016] at step ¢ is the cumulative difference be-
tween the loss incurred by the learner with its time varying
parameters 3,7 = 1,2,...,t, and the loss when using the
optimum parameters in hindsight 3;:

RN, = Y lni, ) = L(NG, 57) -

1€[t]

A straightforward implication of the convexity of Eq. (7) is
that we can use Online Gradient Descent (OGD) [Zinkevich,
2003] or some of its many variants such as Adagrad [Duchi
et al., 2011] and ensure that the algorithm incurs a regret of
R(N;) = O(JA||Q|GV1In ), where G is the largest ob-

served gradient in infinite norm * and when using quadratic
regularization. Regret bounds are related to the learning
speed (the smaller the bound, the faster the learning), that is,
roughly speaking, how fast the parameters converge to their
optimal values for the same sequence of solution nodes. Such
aregret bound (assuming it is tight enough) also allows to ob-
serve the impact of the different quantities on the regret, such
as the number of contexts |Q|, Or oy -

OGD and its many variants are computationally efficient
as they take O(d(n)|A||M]) computation time per solu-
tion node n, but they are not very data efficient, due to the
linearization of the loss function — the so-called ‘gradient

3The dependency on the largest gradient can be softened signifi-
cantly, e.g., with Adagrad and sporadic resets of the learning rates.
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trick’ [Cesa-Bianchi and Lugosi, 2006]. To make the most of
the data, we avoid linearization by sequentially minimizing
the full regularized loss function L(N, -) + R(-) where R(3)
is a convex regularization function. That is, at each step, we
set:

B! = argmin L(N;, B) + R(B) ®)
BeB

which can be solved using standard convex optimization tech-
niques (see Appendix C) [Boyd and Vandenberghe, 2004].
This update is known as (non-linearized) Follow the Leader
(FTL) which automatically adapts to local strong convex-
ity and has a fast O(log T') regret without tuning a learning
rate [Shalev-Shwartz, 20071, except that we add regulariza-
tion to avoid overfitting which FTL suffers from. Unfortu-
nately, solving Eq. (8) even approximately at each step is too
computational costly, so we amortize this cost by delaying
updates (see below), which of course incurs a learning cost,
e.g., [Joulani et al., 2013].

6 Experiments

As with previous work, in the experiments we use the LTS al-
gorithm with context models (Algorithm 1) within the search-
and-learn loop of the Bootstrap process [Jabbari Arfaee et al.,
2011] to solve a dataset of problems, then test the learned
model on a separate test set. See Appendix A for more de-
tails. Note that the Bootstrap process is a little different from
the online learning setting, so the theoretical guarantees men-
tioned above may not carry over strictly — this analysis is left
for future work.,

This allows us to compare LTS with context models
(LTS+CM) in particular with previous results using LTS with
neural networks (LTS+NN) [Guez et al., 2019; Orseau and
Lelis, 2021] on three domains. We also train LTS+CM to
solve the Rubik’s cube and compare with other approaches.

LTS+NN’s domains. We foremost compare LTS with con-
text models (LTS+CM) with LTS with a convolutional neu-
ral network [Orseau and Lelis, 2021] (LTS+NN) on the
three domains where the latter was tested: (a) Sokoban
(Boxoban) [Guez et al., 2018] on the standard 1000 test prob-
lems, a PSPACE-hard puzzle [Culberson, 1999] where the
player must push boxes onto goal positions while avoiding
deadlocks, (b) The Witness, a color partitioning problem that
is NP-hard in general [Abel erf al., 20201, and (c) the 24 (5% 5)
sliding-tile puzzle (STP), a sorting problem on a grid, for
which finding short solutions is also NP-hard [Ratner and
Warmuth, 1986]. As in previous work, we train LTS+CM
on the same datasets of 50 000 problems each, with the same
initial budget (2000 node expansions for Sokoban and The
Witness, 7000 for STP) and stop as soon as the training set
is entirely solved. Training LTS+CM for these domains took
less than 2 hours each.

Harder Sokoban. Additionally, we compare algorithms
on the Boxoban ‘hard’ set of 3332 problems. Guez et
al. [2019] trained a convLSTM network on the medium-
difficulty dataset (450k problems) with a standard actor-critic
setup — not the LTS loss — and used LTS (hence LTS+NN)
at test time. The more recent ExPoSe algorithm [Mittal et
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al., 2022] updates the parameters of a policy neural network
4 during the search, and is trained on both the medium set
(450k problems) and the ‘unfiltered’ Boxoban set (900k prob-
lems) with solution trajectories obtained from an A* search.

Rubik’s Cube. We also use LTS+CM to learn a fast policy
for the Rubik’s cube, with an initial budget of B; = 21000.
We use a sequence of datasets containing 100k problems
each, generated with a random walk of between m and m’ =
m + 5 moves from the solution, where m increases by steps
of 5 from 0 to 50, after which we set m’ = m = 50 for each
new generated set. DeepCubeA [Agostinelli et al., 2019] uses
a fairly large neural network to learn in a supervised fash-
ion from trajectories generated with a backward model of the
environment, and Weighted A* is used to solve random test
cubes. Their goal is to learn a policy that returns solutions
of near-optimal length. By contrast, our goal is to learn a
fast-solving policy. Allen er al. [2021] takes a completely
different approach (no neural network) by learning a set of
‘focused macro actions’ which are meant to change the state
as little as possible so as to mimic the so-called ‘algorithms’
that human experts use to solve the Rubik’s cube. They use
a rather small budget of 2 million actions to learn the macro
actions, but also use the more informative goal-count scor-
ing function (how many variables of the state have the cor-
rect value), while we only assume access to the more basic
solved/unsolved function. As with previous work, we report
solution lengths in the quarter-turn metric. Our test set con-
tains 1000 cubes scrambled 100 times each — this is likely
more than enough to generate random cubes [Korf, 1997] —
and we expect the difficulty to match that of previous work.

Machine description. We used a single EPYC 7B12 (64
cores, 128 threads) server with 512GB of RAM without GPU.
During training and testing, 64 problems are attempted con-
currently — one problem per CPU core. Optimization uses
128 threads to calculate the loss, Jacobian and updates.

Hyperparameters. For all experiments we use €jpy =
107, emix = 1073, a quadratic regularization R((3) =
5(|8 — Bol|* where By = (1 — 1/A) In ey (see Appendix F).
The convex optimization algorithm we use to solve Eq. (8) is
detailed in Appendix C.

I Bessal "

|| M

I BSeeel iw ||

Figure 2: Example of a relative tiling of row span 2, column span
3, at maximum row distance 1 and maximum column distance 3
around the agent (red triangle). Each orange rectangle is a mutex
set of at most 4° different contexts. A padding value can be chosen
arbitrarily (such as the wall value) for cells outside the grid.

“The architecture of the neural network was not specified.
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Domain Algorithm %solved Length Expansions Time (ms)
Boxoban LTS+CM (this work) 100.00 41.7 21323 124
LTS+NN [Orseau and Lelis, 2021] 100.00 40.1 2640.4 19500
The Witness LTS+CM (this work) 100.00 15.5 102.8 9
LTS+NN [Orseau and Lelis, 2021] 100.00 14.8 520.2 3200
STP (24-puzzle) LTS+CM (this work) 100.00 211.2 5667.4 236

LTS+NN [Orseau and Lelis, 2021]

0.90 145.1 39005.6 31100

Boxoban hard LTS+CM (this work)

100.00 67.8 48058.6 3275

LTS+NN [Guez et al., 2019] 94.00 n/a n/a 3600
ExPoSe [Mittal et al., 2022] 97.30 n/a n/a n/a
Rubik’s cube LTS+CM (this work) 100.00 81.7 498.0 16

DeepCubeA [Agostinelli et al., 2019]  100.00 21.5  ~600000.0 24220

GBFS(A+M) [Allen e al., 2021]

100.00 3780  1171300.0 n/a

Table 1: Results on the test sets. The last 3 columns are the averages over the test instances. The first three domains allow for a fair comparison
between LTS with context models and LTS with neural networks [Orseau and Lelis, 2021] using the same 50k training instances and initial
budget. For the last two domains, comparison to prior work is more cursory and is provided for information only, in particular because the
objective of DeepCubeA is to provide near-optimal-length solutions rather than fast solutions. The values for LTS+{CM,NN} all use a single
CPU, no GPU (except for LTS+NN [Guez et al., 2019]). DeepCubeA uses four high-end GPU cards. More results can be found in Table 2 in

Appendix H. Does not account for the cost of macro-actions.

Mutex sets. For Sokoban, STP, and The Witness we use
several mutex sets of rectangular shapes at various distances
around the agent (the player in Sokoban, the tip of the ‘snake’
in The Witness, the blank in STP), which we call relative
tilings. An example of relative tiling is given in Fig. 2, and a
more information can be found in Appendix G. For the Ru-
bik’s cube, each mutex set {4, j} corresponds to the ordered
colors of the two cubies (the small cubes that make up the
Rubik’s cube) at location 7 and j (such as the up-front-right
corner and the back-right edge). There are 20 locations, hence
190 different mutex sets, and each of them contains at most
242 contexts (there are 8 corner cubies, each with 3 possible
orientations, and 12 side cubies, each with 2 possible orienta-
tions). For all domains, to these mutex sets we add one mu-
tex set for the last action, indicating the action the agent per-
formed to reach the node; for Sokoban this includes whether
the last action was a push. The first 3 domains all have 4
actions (up, down, left, right), and the Rubik’s cube has 12
actions (a rotation of each face, in either direction).

Results. The algorithms are tested on test sets that are sep-
arate from the training sets, see Table 1. For the first three
domains, LTS+CM performs better than LTS+NN, even solv-
ing all test instances of the STP while LTS+NN solves less
than 1% of them. On The Witness, LTS+CM learns a policy
that allows it to expand 5 times fewer nodes than LTS+NN.
LTS+CM also solves all instances of the Boxoban hard set, by
contrast to previous published work, and despite being trained
only on 50k problems. On the Rubik’s cube, LTS+CM learns
a policy that is hundreds of times faster than previous work —
though recall that DeepCubeA’s objective of finding short so-
lutions differs from ours. This may be surprising given how
simple the contexts are — each context ‘sees’ only two cu-
bies — and is a clear sign that product mixing is taking full
advantage of the learned individual context predictions.
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7 Conclusion

We have devised a parameterized policy for the Levin Tree
Search (LTS) algorithm using product-of-experts of context
models that ensures that the LTS loss function is convex.
While neural networks — where convexity is almost certainly
lost — have achieved impressive results recently, we show
that our algorithm is competitive with published results, if
not better.

Convexity allows us in particular to use convex optimiza-
tion algorithms and to provide regret guarantees in the online
learning setting. While this provides a good basis to work
with, this notion of regret holds against any competitor that
learns from the same set of solution nodes. The next ques-
tion is how we can obtain an online search-and-learn regret
guarantee against a competitor for the same set of problems
(root nodes), for which the cumulative LTS loss is minimum
across all sets of solution nodes for the same problems. And,
if this happens to be unachievable, what intermediate regret
setting could be considered? We believe these are important
open research questions to tackle.

We have tried to design mutex sets that use only ba-
sic domain-specific knowledge (the input representation of
agent-centered grid-worlds, or the cubie representation of the
Rubik’s cube), but in the future it would be interesting to also
learn to search the space of possible context models — this
would likely require more training data.

LTS with context models, as presented here, cannot di-
rectly make use of a value function or a heuristic function,
however they could either be binarized into multiple mutex
sets, or be used as in PHS* [Orseau and Lelis, 2021] to esti-
mate the LTS cost at the solution, or be used as features since
the loss function would still be convex (see Appendix C).
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