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Abstract
We investigate the problem of finite entailment of
ontology-mediated queries. We consider the ex-
pressive query language, unions of conjunctive reg-
ular path queries (UCRPQs), extending the well-
known class of unions of conjunctive queries, with
regular expressions over roles. We look at ontolo-
gies formulated using the description logic ALC,
and show a tight 2EXPTIME upper bound for finite
entailment of UCRPQs.

1 Introduction
At the intersection of knowledge representation and database
theory lies the fundamental problem of ontology-mediated
query entailment (OMQE), where the background knowledge
provided by an ontology is used to enrich the answers to
queries posed to databases. In this context, description logics
(DLs) are a widely accepted family of logics used to formu-
late ontologies. Description logics provide the logical basis
of the web ontology language OWL 2, the medical ontology
SNOMED CT, and the NCI thesaurus. Furthermore, DLs pro-
vide a good trade-off between expressivity and computational
complexity. By now, the OMQE problem under the unre-
stricted semantics (reasoning over arbitrary models) is well
understood for various query languages and DLs [Schneider
and Simkus, 2020]. In contrast, for the finite OMQE prob-
lem, where one is interested in reasoning over finite models
only, the overall landscape is rather incomplete. However,
in recent years, the study of finite OMQE has been gain-
ing traction, considering both lightweight and expressive DLs
and (mostly) unions of conjunctive queries [Rosati, 2008;
Ibáñez-Garcı́a et al., 2014; Rudolph, 2016; Gogacz et al.,
2018; Gogacz et al., 2019; Danielski and Kieronski, 2019;
Gogacz et al., 2020; Bednarczyk and Kieroński, 2022].

With this in mind, in our KR2022 paper [Gutiérrez-Basulto
et al., 2022] we considered the problem of finite OMQE
with unions of conjunctive regular path queries (UCRPQs)
as the query language. UCRPQs [Florescu et al., 1998;
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Calvanese et al., 2000] are a powerful navigational query
language for graph databases in which one can express that
two entities are related by a path of edges that can be spec-
ified by a regular language over binary relations. For exam-
ple, using UCRPQs, from a genealogical graph database one
can retrieve all the ancestors of a person. So, UCRPQs ex-
tend unions of conjunctive queries (UCQs) with atoms that
might contain regular expressions that traverse the edges of
the database. Indeed, path navigation is included in the query
language XPath 2.0 for XML data, and it is also present in
the SPARQL 1.1 query language for RDF data through the
property path feature. Given the resemblance of instance data
stored in so-called ABoxes in DLs to graph-like data, sev-
eral investigations on unrestricted entailment of various types
of navigational query languages mediated by DL ontologies
have been carried out [Stefanoni et al., 2014; Calvanese et al.,
2014; Bienvenu et al., 2015; Gutiérrez-Basulto et al., 2018;
Gogacz et al., 2019; Bednarczyk and Rudolph, 2019], yield-
ing algorithmic approaches and optimal complexity bounds.
For finite entailment of regular path queries mediated by
DL ontologies, there are only undecidability results avail-
able [Rudolph, 2016]. The most relevant positive news are the
decidability and computational complexity results by Daniel-
ski and Kieronski (2019) and Gogacz et al. (2020) on finite
entailment of conjunctive queries with transitive closure over
roles mediated by expressive DL ontologies.

We focus on ontologies formulated using the descrip-
tion logic ALC, which is the most basic Boolean-complete
DL [Baader et al., 2017]. Note that entailment of UCRPQs
overALC ontologies is not finitely controllable, i.e. finite and
unrestricted entailment do not coincide as it is not the case
that for any ALC knowledge base K and any UCRPQ ϕ, it
holds that K entails ϕ over all (unrestricted) models iff K en-
tails ϕ over all finite models.
Example 1. Consider the ABoxA = ∅, and TBox T = {> v
∃r.>}, together with the RPQ ϕ = ∃x.r+(x, x) for some role
r. We have that (T ,A) 6|= ϕ, but for every finite model I of
(T ,A), we have I |= ϕ.

Therefore, when the represented world is assumed to be
finite, we cannot reuse existing complexity bounds or algo-
rithmic approaches to UCRPQ entailment. It has been ac-
knowledged that developing specialised algorithms for finite
reasoning brings additional challenges as certain regularities
present in infinite models do not occur in finite ones [Hod-
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M |= K =⇒ M′ |= K

M 6|= ϕ =⇒ M′ 6|= ϕ

Figure 1: Colored Blocking

kinson and Otto, 2003]. From a usability perspective, the
suitability of the finiteness assumption depends on the po-
tential applications. A particular interest for navigational
queries comes from bioinformatics and cheminformatics [Ly-
senko et al., 2016; Cook et al., 2016; Galgonek et al., 2016;
Hu et al., 2015; Rajabi and Sanchez-Alonso, 2021; Chen et
al., 2020]. For instance, experts often need to find asso-
ciations between entities in protein, cellular, drug, and dis-
ease networks (represented as graph databases), so that e.g.
gene-disease-drug associations (corresponding to paths in the
database) can be discovered for developing new treatment
methods. In this type of applications, databases and the mod-
els they represent are clearly meant to be finite. Importantly,
biochemical networks contain complex motifs involving e.g.
cycles or cliques. This type of patterns can be described using
UCRPQs, however, without the finiteness assumption these
patterns could be disregarded as the associated query might
not be entailed when reasoning over all models (including in-
finite ones).

2 Contribution
The main technical contribution of our KR 2022 paper is
a dedicated automata-based method for finite entailment of
UCRPQs over ALC ontologies, providing an optimal com-
plexity upper bound. More precisely, we obtain the following
result, where the matching lower bound is inherited from [Or-
tiz and Simkus, 2014].
Theorem 1. Finite entailment of UCRPQs over ALC on-
tologies is 2EXPTIME-complete.

Theorem 1 (and its proof) is important in two ways. First,
it provides a key step towards delimiting the decidability
boundary of finite OMQE with navigational queries. It sub-
stantially reduces the gap between what is known to be de-
cidable and what is known to be undecidable: prior work
showed that finite entailment of 2RPQs in ALCIOF (ex-
tending ALCwith inverse relations and nominals) is unde-
cidable [Rudolph, 2016]. Second, it introduces a novel ap-
proach to finite OMQE that amalgamates extensions of exist-
ing model theoretical and automata-based techniques.

Previous works on finite query entailment over DL ontolo-
gies [Gogacz et al., 2018; Gogacz et al., 2019; Gogacz et al.,
2020] have already made substantial progress on the develop-
ment of a variety of techniques. Two techniques that will play
a key role in our framework are the following. The colored
blocking principle [Gogacz et al., 2018] allows us to con-
struct finite counter-models for an ontology K and a query ϕ
by expanding cycles in the model, cf. Figure 1. In a nutshell,
this technique looks for sufficiently large neighborhoods of

Figure 2: Tree-like decomposition with nodes labelled with strongly
connected components

nodes (seeing models as graphs) and uses coloring of nodes
to distinguish them. Another key technique is a decompo-
sition of arbitrarily complex finite models into more regular
structures, which guarantees that it is enough to solve the fi-
nite entailment problem on these simpler structures. More
precisely, Gogacz et al. (2020) introduce a decomposition
of finite models into tree-like structures whose nodes are la-
belled with strongly connected components (SCC)1, see Fig-
ure 2. Importantly, considering such decompositions allows
us to use standard machinery, such as type elimination or tree
automata, to decide finite entailment.

Given all these advancements, one might wonder why they
are not enough for solving the finite entailment problem of
UCRPQs over ALC ontologies. The answer is a simple one.
In all previous works, the query language is weaker than
UCRPQs. In particular, full regular expressions are disal-
lowed in queries. This restriction makes the problem easier
to tackle: to solve the entailment problem, it is enough to re-
duce to the case where DL roles are treated separately. In
other words, one does not have to reason over graphs (mod-
els) in which edges might be labelled with multiple roles, but
instead it is enough to separately consider graphs in which all
edges are labelled with the same role. Note that this is not
possible for UCRPQs as in this case atoms contain arbitrary
regular expressions e.g. union of various roles under Kleene
star. So, one unavoidably has to consider graphs labelled with
multiple roles. In particular, in a path one has to consider dif-
ferent valid sequences of roles labelling edges.

1Recall that a directed graph is said to be strongly connected if
every node is reachable from every other node
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3 Approach
To overcome these challenges, we developed a novel model
decomposition that only depends on the input query and
model, which allows to devise a recursive algorithm for fi-
nite entailment of UCRPQs over ALC ontologies. This algo-
rithm effectively makes use of tree-shaped SCC decomposi-
tions and colored blocking. At the heart of our decomposi-
tion there is a stratification of interpretations induced by the
deterministic finite automaton underlying the UCRPQ. This
stratification builds upon the so-called tape construction, pre-
viously used to efficiently evaluate queries in the extension
of XPath 1.0 where arbitrary regular expressions may appear
as path expressions [Bojańczyk and Parys, 2011]. To realize
the tape construction, we work with a representation of UCR-
PQs by means of a semiautomaton B [Ginzburg, 1968]. A
semiautomaton essentially is a deterministic finite automaton
without initial and final states; a run of a semiautomaton over
a word is defined just like for a finite automaton, except that
it can begin in any state and there is no notion of accepting
runs. We then rely on an expansion of B, that allows us to
trace runs of B that begin in all possible states, on all infixes
of the input word. For a graphic example of a semiautomaton
expansion, see Figure 3 where the upper part is the query rep-
resented by an automaton and the part below is its expansion
on the depicted input word. Notice that two threads that be-
gin at different levels can meet at the same level somewhere
along the run; if this happens they remain equal until the end
of the run. Also, threads can be born in the middle of a run of
the expansion, but they never disappear. A crucial property
of threads is that they are non-decreasing.
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Figure 4: Runs of the automaton on all paths of a model (black
square in the center)

We also make interpretations aware of the expansion by
enriching their paths with possible runs of the expansion; see
Figure 4 for an example, where the black square in the middle
is the given interpretation. We can then obtain a decomposi-
tion of an interpretation by associating its edges with levels
induced by the transitions of the expansion. For example, Fig-
ure 5 shows a decomposition of the interpretation in Figure 4
into three different levels, where each level is determined us-
ing the black transitions depicted in Figure 4.

Figure 5: Decomposition of an interpretation in levels

In a similar fashion, we make CRPQs aware of levels. With
this at hand, we develop a recursive algorithm that makes use
of existing techniques, such a decomposition of models into
trees of strongly connected components and colored block-
ing. In particular, we tackle finite entailment by eliminating
the lowest level from a query and from an interpretation, and
then recursively solving the simpler problem. At each step of
this process, we should be able to arrange solutions to simpler
problems in a hierarchical way so that we can reason over
them. To this aim, we consider a variant of entailment that
includes an environment, which provides the necessary infor-
mation to position the arranged solutions to simpler problems
in the context of larger interpretations. To better keep track
of the complexity of our recursive method, we introduce a
modification of the entailment problem modulo environment
in which we look at a particular type of finite models: (`, `′)-
models, which are models with edges of levels ` or higher that
are ‘consistent’ w.r.t. queries referring to edges of level `′ or
higher. We solve the problem of finding (`, `′)-models recur-
sively by increasing ` and `′ in an alternating way, until both
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reach the maximum level n + 1, with n the number of states
of B. This provides a solution to finite entailment modulo
environment, and thus to standard finite entailment as well.

4 Outlook
We provided first positive results on finite entailment of CR-
PQs over DLs ontologies. Along the way, we extend the ex-
isting toolkit for finite model reasoning in the presence of DL
ontologies by introducing a novel decomposition, which sup-
ports recursive algorithms for finite entailment.

This work leaves open several interesting questions. It
would be interesting to consider other ontology languages be-
sides ALC. We believe that our method can be adapted to
allow inverses, nominals or counting. However, some combi-
nations of these constructs are problematic, e.g. inverses and
counting (already functionality). Regarding more expressive
query languages, the natural next step is to consider two-way
CRPQs. Our current approach relies on the fact that informa-
tion only flows forward, and it is not clear whether it can be
adapted to deal with queries that can go back. Besides this, it
would also be interesting to develop techniques that are bet-
ter suited for implementation, since our current approach re-
lies on automata- and type-based techniques which are always
worst-case complexity.
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Markus Krötzsch, and Sebastian Rudolph. The complex-
ity of answering conjunctive and navigational queries over
OWL 2 EL knowledge bases. J. Artif. Intell. Res., 51:645–
705, 2014.

Proceedings of the Thirty-Second International Joint Conference on Artificial Intelligence (IJCAI-23)
Sister Conferences Best Papers Track

6446


	Introduction
	Contribution
	Approach
	Outlook

