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Abstract

We consider the problem of fairly allocating a com-
bination of divisible and indivisible goods. While
fairness criteria like envy-freeness (EF) and propor-
tionality (PROP) can always be achieved for divis-
ible goods, only their relaxed versions, such as the
“up to one” relaxations EF1 and PROPI1, can be
satisfied when the goods are indivisible. The “up
to one” relaxations require the fairness conditions
to be satisfied provided that one good can be com-
pletely eliminated or added in the comparison. In
this work, we bridge the gap between the two ex-
tremes and propose “up to a fraction” relaxations
for the allocation of mixed divisible and indivisible
goods. The fraction is determined based on the pro-
portion of indivisible goods, which we call the in-
divisibility ratio. The new concepts also introduce
asymmetric conditions that are customized for in-
dividuals with varying indivisibility ratios. We pro-
vide both upper and lower bounds on the fractions
of the modified item in order to satisfy the fairness
criterion. Our results are tight up to a constant for
EF and asymptotically tight for PROP.

1 Introduction

Fair division of a mixture of divisible and indivisible goods
has been well motivated since Bei ef al. [2021al. This sce-
nario is exemplified in the context of dividing inheritances,
where the assets include both money and land (divisible
goods) as well as houses and cars (indivisible goods). In con-
trast to the division of purely divisible goods, one of the key
challenges lies in defining and characterizing the notions of
fairness that are both ideal and practical. This aspect contin-
ues to be a subject of ongoing discussion and exploration in
the literature [Kawase et al., 2023; Liu et al., 2024], and our
work contributes to this ongoing debate.

When the goods are all divisible, envy-freeness (EF) [Foley,
1967; Varian, 1974] and proportionality (PROP) [Steinhaus,
1949] are the prominent fairness notions. Informally, an al-
location is EF if every agent does not envy any other agent’s
bundle, and is PROP if every agent’s utility over her bundle

*Shengxin Liu is the corresponding author.

is no less than 1/n, where n is the number of agents and each
agent’s total utility is normalized to 1. When the goods are
all indivisible, due to the fact that EF and PROP allocations
barely exist, the “up to one” relaxation is one of the most
widely accepted notions, such as envy-freeness up to one good
(EF1) which ensures that the envy between two agents can
be resolved by removing a single good [Lipton er al., 2004;
Budish, 20111, and proportionality up to one good (PROP1)
which requires every agent’s utility to be no less than 1/n
after grabbing an additional good from some other agent’s
bundle [Conitzer et al., 2017]. EF1 and PROP1 have some
nice properties, such as guaranteed existence, simple com-
putation, and being compatible with Pareto optimality (PO)
[Caragiannis et al., 2019].

When the goods are mixed, EF1 and PROP1 can be di-
rectly applied and guaranteed to be satisfiable, by treating
the divisible goods as hypothetical infinitesimally indivisi-
ble units. However, these “up to one” relaxations are rather
weak fairness criteria, as the presence of divisible goods can
help alleviate the burden of unfairness. In light of this, Bei et
al. [2021a] introduced envy-freeness for mixed goods (EFM),
whose existence is also guaranteed: for any two agents ¢ and
j, agent ¢ does not EFM-envy agent j if (1) agent 7 does not
envy agent j, or (2) agent j’s bundle only contains indivisible
goods and agent ¢ does not EF1-envy agent j. EFM serves as
a stronger notion than EF1 as condition (2) forces j’s bundle
to only contain indivisible goods if agents 7 envies j.

Apart from EFM, a more straightforward approach to en-
hance EF1 and quantify the help of divisible goods in achiev-
ing fairness is to directly strengthen the “up to one” relaxation
to the “up to a fraction”, and the specific fraction depends on
the portion of indivisible goods in relation to all goods. Intu-
itively, an agent may desire fairer allocations when her por-
tion of divisible goods is more valuable. One possible way
to quantify the portion of (in)divisible goods for each agent
¢ is through her indivisibility ratio o;, where a; represents
the portion of utility derived from indivisible goods. Then,
an allocation is envy-free up to a-fraction of one good (EFa)
to agent ¢ if any envy she has towards another agent j can
be resolved by obtaining an «; fraction of some indivisible
item from agent j’s bundle. Similarly, an allocation is pro-
portional up to a-fraction of one good (PROP«) to agent @
if her utility remains at least 1/n after acquiring an «; frac-
tion of some indivisible item from another agent’s bundle. It
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is important to note that the “up to «” relaxation allows for
varying indivisibility ratios among the agents, thereby tailor-
ing the evaluation of fairness based on each agent’s specific
perspective. In this work, we focus on EF« and PROPa.

Example. To illustrate the difference between EFM and
EFa, we consider the following example, where two indi-
visible goods M = {01, 02} and one cake C are allocated to
three identical agents. The utility function w(-) is shown in
Table 1. Allocation A = (A;, As, A3) with 4 = Ay = 1C
and Az = {o1, 02} is EFM, but it is not EF« since remov-
ing 0.5 fraction from item o7, the remaining utility of Aj is
0.25 x 0.5 + 0.25 = 0.375 which is still greater than 0.25.

From this example, we observe that when the indivisibil-
ity ratio is small, EFa can ensure a fairer or more balanced
allocation which can be closer to EF. In contrast, EFM may
return an allocation that appears somewhat unfair due to its
adherence to the EF1 criteria for bundles comprising solely
indivisible goods. Furthermore, unlike EFM, when agents
are non-identical, EFa guarantees customized fairness based
on various personalized indivisibility ratios.

| o
u(-) | 025 0.25 | 0.5 ] 0.5

oo | C | «a

Table 1: An Example on EFM v.s. EF«

1.1 Main Results

In this paper, we propose to study the “up to a fraction” relax-
ation of EF and PROP, when a mixture of divisible and indi-
visible goods are allocated. We show that an EF« allocation
may not exist and a PROP« allocation always exists. Thus
we would like to understand to what extent EFa needs to be
relaxed and PROP« can be strengthened, namely EF f («) and
PROP f(«), so that a fair “up to a fraction” allocation exists.
In Section 3, we study the “up to a fraction” relaxation of
EF, i.e., EFa and EF f (o). We first prove that f(a) = O(n)«a
is necessary and sufficient to satisfy EF by removing f(«)
fraction of a good. We find that any EFM allocation is EFna,
and thus an EFna allocation always exists (by [Bei er al.,
2021al). The guarantee of EFM cannot be improved even
when agents have identical valuations. On the other hand, we

2 .
prove that at least ﬁa fraction of the good has to be re-

moved in order to satisfy EF, and thus our results are tight
up to a constant. Besides, when agents have identical valu-
ations, we show that a simple greedy algorithm ensures an

EF#ﬁl)a allocation, which exactly characterizes the extent
to which EF f(«) can be guaranteed in this restricted case.
We then focus on the “up to a fraction” relaxation of PROP,
namely, PROP« and PROPf(«), in Section 4. In contrast to
EFa, EFM implies PROPa whose existence is thus guaran-
teed. Additionally, we design a simple polynomial-time algo-
rithm to compute such an allocation. On the negative side, we
find that a PROP(™-1 — ¢)a allocation does not always exist
for any € > 0 so that our bound is asymptotically the best pos-
sible. On top of the existence result, in Section 5, we prove

that PROPa and an economic efficiency criterion of Pareto

2869

optimality (PO) can be ensured simultaneously. Throughout
our analysis, we draw upon the ideas in [Caragiannis ef al.,
2019] and show that any maximum Nash welfare allocation
satisfies PROPa and PO in the context of mixed goods. We
stress that our analysis significantly differs from and is much
more intricate than the analysis in [Caragiannis e al., 2019].
This is because we need to evaluate the allocation as a whole,
compelled by the PROP requirement and the definition of the
indivisibility ratio, rather than relying on a simple pairwise
exchange analysis. To tackle this issue, we utilize a mono-
tone property to derive a decent tight condition on one agent’s
utility. We also point out that previous results on the compat-
ibility of PROP and PO were directly deduced from the com-
patibility of EF and PO. However, as an EF« allocation may
not exist, we directly study PROP« in this paper.

The relations between the “up to a fraction” fairness no-
tions and other well-known notions in the mixed goods set-
ting are discussed in Section 6.

1.2 Related Work

The study of fair allocation is extensive (see, e.g., Brams and
Taylor; Robertson and Webb; Moulin; Suksompong; Ama-
natidis et al. [1995; 1998; 2019; 2021; 2023] for a survey).
To capture fairness, various notions have been proposed for
divisible and indivisible goods, including EF [Foley, 1967;
Varian, 1974] and PROP [Steinhaus, 1949] for divisible
goods; EF1 [Lipton et al., 2004; Budish, 2011] and PROP1
[Conitzer et al., 2017] for indivisible goods. There are also
some notable fairness notions, e.g., envy-freeness up to any
good (EFX) [Lipton er al., 2004; Gourves et al., 2014] and
maximin share (MMS) [Budish, 2011], etc.

Recently, a stream of literature has focused on the fair al-
location problem with a mixture of divisible and indivisible
goods (mixed goods) [Bei et al., 2021a; Bei et al., 2021b;
Bhaskar et al., 2021; Nishimura and Sumita, 2023; Bei et al.,
2023]. In particular, Bei et al. [2021a] initiated the fair di-
vision problem with mixed goods and proposed the fairness
notion envy-freeness for mixed goods (EFM). Further, Bei et
al. [2021b] and Kawase et al. [2023] considered the fairness
notions of MMS and envy-freeness up to one good for mixed
goods (EF1M) in the mixed goods setting, respectively. Note
that, the ratio of approximate MMS allocation obtained in
[Bei er al., 2021b] is a monotonically increasing function de-
termined by how agents value the divisible goods relative to
their MMS values. On the other hand, our proposed indivis-
ible ratio is determined by how an agent values the divisible
goods relative to her value of all goods. Furthermore, Li et
al. [2023] and Li et al. [2024] examined EFM in conjunction
with the issues of truthfulness and price of fairness, respec-
tively. See a recent survey on the mixed fair division for more
details [Liu et al., 2024].

In addition, several studies considered the interplay be-
tween fairness and efficiency for fair allocation [Barman et
al., 2018; Barman and Krishnamurthy, 2019; Freeman ef al.,
2019; Murhekar and Garg, 2021; Aziz et al., 2020; Wu et
al., 2021]. Specifically, EF, EF1, and EFIM are compatible
with Pareto optimality (PO) (i.e., a criterion of efficiency) via
the maximum Nash welfare allocation in the divisible, indi-
visible, and mixed goods settings, respectively [Segal-Halevi
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and Sziklai, 2019; Caragiannis et al., 2019]. It is worth not-
ing that EFM is incompatible with PO while whether a weak
version of EFM can be combined with PO is an open question
in the mixed goods setting [Bei et al., 2021al.

2 Preliminaries

Let [k] denote the set {1,2,...,k} for any positive integer
k. We consider the mixed goods setting. Denote by N =
{1,2,...,n} the set of n agents, M = {01,02,...,0m,} the
set of m indivisible goods, and C' = [0, 1] the set of heteroge-
neous divisible goods or a single cake.! Define A = MUC to
be the set of mixed goods. An allocation of the mixed goods
is defined as A = (41, Ag, ..., A,) where A; = M; UC; is
the bundle allocated to agent i subject to: 1) C; is a union of
countably many intervals; 2) for any 4,5 € [n], M; N M; =0
and C; N C; = 0;3) Uie[n] A; = A. Each agent i has a non-
negative utility function «;(-). Assume that each w; is additive
over A and integrable over C, that is, for any M’ C M and
C'CCouy(M'UC) =3 capui0) + o ui(x)de. We
also assume without loss of generality that agents’ utilities
are normalized to 1, i.e., u;(M U C) = 1 foreachi € N.
We first show the classic fairness notions in the literature.

Definition 2.1 (EF & PROP). An allocation A is called
o envy-freeness (EF) if for any agents i, 7 € N, u;(4;) >
ui(A;);
* proportionality (PROP) if for any agent ¢
As mentioned before, for indivisible goods, relaxations of
EF/PROP are commonly studied in the previous works.

Definition 2.2 (EF1 & PROP1). An allocation A is called

* envy-freeness up to one good (EFI) if for any agents
1,j € N, there exists an indivisible good o € M, such
that uz(Az) > ’U,,L(AJ \ {0});

e proportionality up to one good (PROPI ) if for any agent
1 € N, there exists an indivisible good 0 € M\ M; such
that u;(A;) + u;(o) > 1/n.

However, as illustrated in the introduction, EF1 and
PROP1 are rather weak in the mixed goods setting. In this
paper, we introduce new “up to a fraction” fairness notions
with the help of indivisibility ratio.

€ N,

Definition 2.3 (Indivisibility Ratio). For each agent i, the in-

divisibility ratio o; is defined as o; 1= %

For each agent 7, «; is the ratio between the utility for all in-
divisible goods and the utility for all goods. We point out that
each agent has a personalized indivisibility ratio, allowing us
to define the fairness with respect to each agent’s perspective.
Specifically, we introduce the following new fairness notions.

Definition 2.4 (EFa & PROP«). An allocation A is called

"When there are more than one heterogeneous divisible goods,
say C = {c1,¢c2,...,ce}, each cake can be represented by an in-
terval [%7 7). and thus the entire set of divisible goods can be
regarded as a single cake C' = [0, 1). Later we assume agents’ util-
ity functions over C' are non-atomic, and hence the cake [0, 1) is
equivalent to [0, 1].

2870

e envy-freeness up to a-fraction of one good (EFa) if for
any agents 7,5 € N, there exists an indivisible good
o € M such that u;(A4;) > u;(A4;) — a5 - u;(0).

* proportionality up to a-fraction of one good (PROP«)
if for any agent ¢ € N, there exists an indivisible good
0 € M\ M; such that u;(A;) + «; - u;(0) > 1/n.

It is easy to observe that when an agent has a higher util-
ity for the cake, her indivisible ratio becomes smaller. This,
in turn, implies that she is more likely to receive an allo-
cation closer to EF/PROP under the EFa/PROP« criteria.
One can easily check that when good is only the cake, EFa
(resp., PROP«) reduces to EF (resp., PROP); when goods are
all indivisible, EFa (resp., PROP«) reduces to EF1 (resp.,
PROP1). We can also observe that EFa implies PROPa.

As we will show later, an EF« allocation may not exist
and a PROP« allocation always exists. For a better under-
standing of what EFa needs to be relaxed and PROP« can be
strengthened, we next introduce the generalizations of EFa
and PROPa.

Definition 2.5 (EF f(«) & PROPf(«)). An allocation A is

* envy-freeness up to one f(«)-fraction of good (EFf(«))
if for any agents 4,7 € N, there exists an indivisible
good o € M; such that u;(A;) > u;(A;)— f(a;)-u;(o).

* proportionality up to one f(a)-fraction of good
(PROPf () if for any agent ¢ € N, there exists an in-
divisible good 0 € M\M; such that u;(A;) + f(ay) -
u;(0) > 1/n.

When f(«) = «, the above notions degenerate to EF« and
PROPa. In this paper, we focus on the linear function form
f(a) = g(n) - a, where g(n) is a function of the number
of agents. One can obtain stronger (resp., weaker) fairness
requirements by making g(n) smaller (resp., larger).

We also consider the efficiency of the allocations.

Definition 2.6 (PO). An allocation A is said to satisfy Pareto
optimality (PO) if there is no allocation A’ that Pareto-
dominates A, i.e., u;(A}) > u;(4;) for all agents i € N
and u;(A}) > u;(A;) for some agents i € N.

Definition 2.7 (MNW). An allocation A is a maximum Nash
welfare (MNW) allocation if the number of agents with pos-
itive utility is maximized, and subject to that, the product of
the positive utilities (I [;¢ ()., (4,)>0 %i(Ai)) is maximized.

Finally, we utilize the Robertson-Webb (RW) query model
[Robertson and Webb, 1998] for accessing agents’ utility
functions over the cake. The RW model allows algorithms
to query the agents with the following two methods: 1) an
evaluation query on [z, y] for agent ¢ returns u;([z,y]), and
2) a cut query of 3 for agent ¢ from x returns the leftmost
point y such that u;([z, y]) = [, or reports no such y exists.
In this paper, we assume each RW query using O(1) time.

3 Envy-freeness up to a Fractional Good

In this section, we focus on envy-freeness up to a fractional
good, i.e., EFa and EFf(«). We first present that for two
agents, an EFa + PO allocation always exists and an EFa al-
location can be found in polynomial time. Then, we proceed
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to consider the case with n > 3 agents and show that there
2
does not exist EF(h — ¢)a allocations for any £ > 0.

We then explore the best fairness guarantee under EFf(«).
In particular, we find that an EFna allocation always exists
which is tight up to a constant factor. When agents have iden-

tical utility, we further show that f(«) = 4(7’;7:)0[ is the exact
fraction we can guarantee for EF f(«).

3.1 Two Agents

In this part, we first make use of the polynomial-time algo-
rithm for finding an EFM allocation with two agents in [Bei
et al., 2021a] to provide the existence of EF« allocations for
two agents.

Theorem 3.1. When n = 2, an EF« allocation exists and can
be found in polynomial time.

The omitted proofs in this paper can be found in the full
version on arXiv. We now proceed to show the compat-
ibility of EFa and PO for two agents. In particular, we
first consider an allocation obtained via a variant of the cut-
and-choose procedure: the first agent partitions the goods
into two bundles A, and A, as equal as possible (assume
max{us(Asz), uz(Ay)} is maximized if multiple such parti-
tions exist), and the second agent chooses first. Such an al-
location can be utilized to return an EFa and PO allocation
through Pareto improvements, which leads to the following
theorem.

Theorem 3.2. When n = 2, an EFa and PO allocation al-
ways exists .

3.2 General Number of Agents

We move on to consider the case of a general number of
agents n > 3 in this part. When the resources to be allocated
contain only divisible or indivisible goods, EF« allocations
always exist. However, when the goods are mixed, we show
that EFa allocations fail to exist even when there is only one
homogeneous cake? and one indivisible good.

Theorem 3.3. For n > 3 agents, an EF« allocation does not

n2

always exist. Specifically, for any € > 0, an EF(W_) —&)a
allocation does not always exist.
Proof. The proof is derived from the following counterexam-

ple where we have n identical agents, one indivisible good o,
and one homogeneous cake C.

C

n—2
n

w;(+), Vi € [n]

S| o
Sho| Q

Suppose the indivisible good o is allocated to agent n.
Then there must exist one agent ¢ € [n — 1] such that
u;(A4;) < n(”n_fl). For this agent 4,

2 2, 2(n-2)

ui(An)_a'ui(O):E_(ﬁ)Qz —a (D

2We call a cake homogeneous if the utility over a subset of cake
C depends only on the length of this subset, i.e., for each i € [n] and

any C' C C,u;(C") = % -u;(C), where |C’| and |C| represents

the length of C’ and C, respectively.
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When n > 3, we have % > ﬁ and thus 2(7;;2) >

which implies that agent ¢ fails to achieve EFa.
The above analysis can be tighter, and we have

n2

(4(n— 1)
n—2 4e

= ——Z 4= (A
n(n—1)+n2>u1( i)

n—2
n(n—1)

ui(An) - — E)OZ . UZ(O)

n’ ga. O

which implies agent ¢ fails to achieve EF (m -

On the positive side, we will show in Section 6 that EFM
implies EFna (Theorem 6.2) which means that an EFna al-
location can be derived by using the polynomial algorithm
for EFM in [Bei et al., 2021a]. This also implies that when
n > 3, the best fairness guarantee under EFf(a) notion
would be EFO(n)«. Further, when all agents are identical,
we show that the exact fairness guarantee under EF f(«) no-

. . 2
tion is EF%@.

Theorem 3.4. When agents have identical utility functions,
2
an EF%@ allocation always exist.

We achieve this via an algorithm that first finds an EF1
allocation for indivisible goods and leverages the water-filling
procedure? to allocate the divisible goods. The idea behind
the proof is to reduce the hardest case to the counterexample
used in the proof of Theorem 3.3.

However, such an idea is not applied to the non-identical
agents setting, where the presence of multiple indivisible
goods may complicate the envy graph and prevent us from
reducing it to a case with only one indivisible good.

4 Existence and Computation of PROP f(«)

In this section, we focus on the proportionality up to a frac-
tional good (i.e., PROP« and PROP f(«)). We first prove by
presenting a polynomial algorithm that a PROP« allocation
always exists in the mixed good setting. Subsequently, we
consider the PROPf(«) notion and show a lower bound of
f(a), giving an asymptotically tight characterization for the
existence of PROPf ().

4.1 The Algorithm

The complete algorithm for finding a PROP« allocation is
shown in Algorithm 1. Conceptually, Algorithm 1 performs
the “moving-knife” procedure on indivisible goods and the
cake separately through n — 1 rounds (Steps 2-14). In each
round, one agent is allocated with a bundle that yields a utility
that achieves PROPa. The bundle is firstly filled by indivisi-
ble goods (Step 4) until there exists an indivisible good o such
that after adding o to the bundle, some agent j will be satisfied
with the bundle. Then, depending on whether we can make
some agent satisfied by only adding some cake to the bundle,
we execute either Case 1 (Steps 5-8) or Case 2 (Steps 9-14).

* Case 1: when the cake is not large enough to make any
agent satisfied, we simply add the indivisible good o to
the bundle and allocate it to agent j.

3Allocating the cake in such a way that the minimum utility

among all agents’ utilities is maximized.
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Algorithm 1: Finding a PROP« allocation

Data: Agents NV, indivisible goods M and cake C
Result: A PROP« allocation (A1, As, ..., Ay,)
M« M , C « C;
2 while |[N| > 2 do
3 | B«
4 Add one indivisible good in M at a time to B until
adding the next indivisible good o will cause
uj(BU{o}) > 1/n — a; - u;(g) for some agent
j and some good g € M \ (B U {0}), or
M\ (BU{o}) =0
5 if Vie Nandg € M\ B,
uwi(BUC) < 1/n — ;- u;(g) then

6 // Case 1: allocate with only indivisible goods;
7 Aj < BU{o};

8 N« N\ {j},M + M\ (BU{o});

9 else

10 // Case 2: allocate with cake;

1 Suppose now C' = [a, b]. Forall i € N, if

u;(BUJa,b]) > 1/n — a; - ui(g), let x; be
the leftmost point such that

w;(BUa,z;)) = 1/n — «; - u;(g) for some
good g € M \ B; otherwise, let x; = b;

12 1" < argminge N ;5
13 Ai* +~— BU [(I7[L'i*);
1 | N« N\{i*}, M + M\B,C + C\[a,z+);

15 Give all the remaining goods to the last agent;
16 return (A1, As, ..., Ay);

» Case 2: we first find out the minimum required piece of
cake for each agent that will make her satisfied (Step 11).
This step can be implemented through the RW model.
Note that the condition of entering the second case en-
sures that at least one agent can be satisfied by adding
some piece of the cake. we then find the optimal agent
1* that requires the minimum piece of cake among all
agents and allocate the piece of cake together with the
bundle of indivisible goods to her.

After allocating the bundles to n — 1 agents, we give all the
remaining goods to the last agent (Step 15). Assume, w.l.o.g.,
that agents 1, 2, ..., n receive their bundles in order.

We remark that when all goods are indivisible, our algo-
rithm omits Case 2 and thus degenerates to the well-known
bag-filling procedure. When the whole good is a divisible
cake, the algorithm only executes Case 2 and then becomes
the classical moving-knife algorithm. Though Algorithm 1 is
a natural extension of the algorithms in the divisible goods
setting and the indivisible goods settings, we claim that the
analysis is non-trivial as shown in the next subsection.

4.2 Analysis

Our main result for the existence and computation of PROP«
allocations is as follows.

Theorem 4.1. For any number of agents, Algorithm 1 returns
a PROPa allocation in polynomial time.
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To prove Theorem 4.1, we will utilize some useful concepts
and facts. Let k be the first agent that receives her bundle with
only indivisible goods in Steps 5 to 8. In other words, agents
1,...,k — 1 are assigned their bundles with some pieces of
cake in Steps 9 to 14. Moreover, for distinction, we set k < n
if all the first n — 1 agents are assigned in Steps 9 to 14. The
agent k plays an important role in bounding the ratio «; for
the agent after k. The relation is shown below.

Claim 4.2. «; > "T’k for each agent i > k.

Let o; be the indivisible good o as defined in Step 4 for
the ¢-th iteration of the while-loop. For each agent j, we de-
fine g;; = arg maxge(ar\m;)uo, u;(g). Intuitively, g;; is the
good that, when agent 7 conducts the “moving-knife” proce-
dure (and finally obtains A;), for agent j, the most valuable
good besides the bundle A; without o;. The next claim makes
a connection between the above two definitions.

Claim4.3. u;(gi;) > u;j(op) for any agents ¢, j, p withi # n
and o, # 0;—_1.

We are ready to prove the following lemma.

Lemma 4.4. Before the j-th iteration, the remaining goods
are enough for j to achieve PROPa. Specifically, we have

w (U E) > (= + 1) — g -us(g),

where M U C represents the remaining goods just before the
j-th iteration.

Proof Sketch. The proof unfolds in two cases: when j < k
and when j > k. The first case is relatively straightforward.
Since all agents before k receive some pieces of cake to meet
the PROP« condition exactly from the definition of k, we
have u;(A;) <1/n—a;-u;(g;;) foreachi < j from Step 11,
which implies the required statement. Turning to the second
case, due to the potential allocation of an additional good o to
some previous bundles at Case 1, we can only have u;(A4;) <
1/n — o - u;(gi; + 0;) for each ¢ < j. We then utilize
Claims 4.2 and 4.3 to bound the terms «; and u;(0;) and
derive the results through some intricate analysis.
‘We now turn our attention to the proof of Theorem 4.1.

Proof of Theorem 4.1. 1t is clear that all the goods are allo-
cated after Step 15 of Algorithm 1. We next consider the cor-
rectness of the algorithm. By Lemma 4.4, we know that each
iteration of the while-loop of Algorithm 1 is well-defined,
which means that each agent in {1,...,n — 1} achieves her
PROPq, either in Steps 5 to 8 or in Steps 9 to 14. For the
last agent, Lemma 4.4 also implies that the PROP« of agent
n can be satisfied.

Since each step in this algorithm can be executed in poly-
nomial time and the total number of the while loop at Step 2 is
exactly n — 1, we can conclude the polynomial running time
of the algorithm, which completes the proof. O

4.3 Impossibility Result

From Theorem 4.1, we know that a PROP« allocation always
exists. In the following, we give a lower bound on f(«) such
that PROP f () allocation is not guaranteed to exist.
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Theorem 4.5. For any & > 0, a PROP(2=1 — &)« allocation
does not always exist.

This impossibility result with Theorem 4.1 also implies
that we obtain an asymptotically tight characterization for the
existence of PROPf(«).

5 Compatibility of PROP« and PO

In this section, we show the compatibility of PROP« and PO.
In particular, we prove that any allocation that maximizes
Nash welfare (which is trivially PO) must be PROP«, and
the implication regarding parameter « is tight. It is impor-
tant to note that our approach is different from the conven-
tional ones in [Caragiannis et al., 2019; Kawase et al., 2023]
since PROP« is not defined using pairwise comparisons be-
tween agents. PROP« requires an agent to compare her own
bundle and the union of the goods allocated to all the other
agents, and moreover, such a comparison, as relaxed by the
indivisibility ratio times the value of the largest item outside
of her bundle, is sensitive to the overall allocation. To over-
come this complexity, we later present a monotone property
of Nash welfare maximizing allocations (see Corollary 5.6)
to quantify the effect of the reallocation of (fractional) goods.

Theorem 5.1. Any MNW allocation satisfies PROPa.

The proof of Theorem 5.1 relies on the following nice
properties. The first one states that we can remove the goods
that yield zero value to all agents without loss of generality.

Observation 5.2. In an MNW allocation, if there exists a
subset p C A; such that u;(p) = 0, then for every j € [n] we
have u;(p) = 0. Therefore, we can simply remove p from A.
Formally, we assume with out loss of generality that

Vp C Ai,ui(p) > 0. )

Base on the above assumption, we further show the fol-
lowing reduction that since any agent with zero utility in an
MNW allocation must have at most n positive-valued goods
and no positive-valued cake, the agent achieves PROP« and
we can focus only on other agents with positive utility.

Lemma 5.3. Suppose Eq. (2) holds. If Theorem 5.1 holds for
every instances admitting an MNW allocation with no agent
with zero utility, then Theorem 5.1 holds for every instances.

Lemma 5.3 allows us to assume that
Vi € [n],ul(AZ) >0 3)

in the following proofs. In the next lemma, we show that if
an agent ¢ does not envy some other agent, then the PROP«
criterion can be reduced to the case when agent 7 envies all
other agents.

Lemma 5.4. Suppose Eq. (2) and Eq. (3) hold. If Theo-
rem 5.1 holds for any agent that envies all other agents, The-
orem 5.1 holds for every agents.

In the following proofs, with Lemma 5.4, we suppose with-
out loss of generality that

Vi #i,ui(A;) < ui(Ay). “4)

With above three assumptions, we turn to characterize the
constraints of MNW allocations on the utility function of a
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specific agent. We use the property that if we move a set S of
goods from one agent to another agent under an MNW alloca-
tion, the product of their utilities must not increase. Formally,
given agent ¢, j, for any S C A; we have

fi3(8) i= ui(Ai \ S)u;(A; US) —ui(Ai)u;(4;) <0
Further, we have the following observation.

Observation 5.5. Given agent i, j, if there exists S C A;
such that f;;(S) > 0 and S can be partitioned into two non-
empty set S; and Ss, then either f;;(S1) > 0 or f;;(S2) > 0.

This observation directly implies the following corollary.
Corollary 5.6. Given agent i, j, for some S C M, if for any
g € S wehave f;;({g}) <0, then for any subset T' C S we
have f;;({g}) < 0.

We extend the above idea to divisible goods to derive a con-
dition on some agent’s utility function, the following lemma.

Lemma 5.7. Suppose Eq. (2), Eq. (3), and Eq. (4) hold. In
an MNW allocation, for any two (possibly same) agents ¢ and
j’

u;(A;) +g€ZMj wi(A) + () <1 )

Proof. 1f i = j, it’s sufficient to show that

u;i(g) ui(g)  ui(M;)
Z wi(Aq) + ui(g) = Z ui(4;) B ui(Aq)

geM; geM;

Now assume ¢ # j. Suppose P = {p1,---,pr} is an
arbitrary partition of A;. The definition of MNW allocation
tells that if agent j gives the p € P to agent ¢, the product of
the utilities does not increase. Thus

(uj(Aj) = uj(p)) (ui(As) + ui(p)) < u;(Az)ui(A;)
& uj(Ay)ui(p) — ui(p)ui(A;) — uj(p)ui(p) <0
< ui(Aj)ui(p) < uj(p)(ui(Ai) + uip))
ui(p) u;(p)
() + ) u;(A;) ©
Notice that this inequality holds for every p € P, we have

_ulp) u(p) _
2 )+ S 2wy =

peP peP

We can improve the above condition by constructing the
partition P. From Corollary 5.6, if each of p; € P is small
enough, the set of inequalities (6) actually covers almost all
the MNW condition on moving a subset p C A;. Specifically,
given € > 0, we consider the following partition

P={{g}:g9€M;}uUPFc,
where Pc is a partition of C; such that |Po| = f@] and

ui (Cj)
ui(C5)

for every p € P, we have u;(p) = < e. Such par-

tition can be obtained through | Pg| querises in the RW model.
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With this partition, we have

u;i(p)
2 u;i(A;) + wi(p)

peP
u;(9g) u;(p)
S L) N, 1) -
geM, u;(As) + ui(g) i ui(A;) +ui(p)
_ Z ui(g) T ui(p) | Pc|
et ui(A;) +ui(g)  wi(Ai) + ui(p)
u;i(9g) ui(Cj)
> + <1
e, ui(Ai) +ui(g)  wi(A;) +uip)
Notice from the Sandwich Theorem that
o lGy) _ ui(C)
=0 ui(As) +ui(p)  ui(4;)
Hence, as € — 0, we have
> Aui(g) n Ui(ij) <1,
e, ui(Ai) +ui(g)  wi(Ag)
which completes the proof. O

Given the above nice properties of MNW allocations, it
is not hard to prove that these allocations must be PROPa.
Finally, we remark that our analysis is tight.

Theorem 5.8. For any ¢ > 0, an MNW allocation may not
be a PROP(1 — ¢)« allocation.

6 Relation with Other Fairness Notions

We explore the relation among EF f («), PROP f () and other
notions (EFM and MMS) in the mixed goods setting. A sum-
mary of the results in this section is provided in Figure 1.

PROPa < 1-MMS

Y

EFM

A

EFna

Figure 1: Relations among different fairness notions, where X — Y
means that an allocation satisfying X must also satisfy Y.

6.1 Connections to EFM

We first discuss the relations of our “up to a fraction” fairness
notions with EFM, proposed in [Bei et al., 2021al.

Definition 6.1 (EFM). An allocation A is said to be envy-free
for mixed goods (EFM) if for any two agents ¢,j € N:
e if C; = () and M, # 0, there exists o € M; such that
ui(Ai) > ui(A;\{o}),
* otherwise, u;(A4;) > u;(4;).
It is easy to verify that EFM does not imply EFq; recall the

example in Section 1. However, EFM can imply a generalized
version of EFa, as shown in the theorem below.

Theorem 6.2. Any EFM allocation is EFna.

On the other side, we show that EFn« is the best guarantee
under EF f(«) that an EFM allocation ensures.
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Theorem 6.3. For any ¢ > 0, an EFM allocation may not be
EF(n — ¢)a.

We then consider the relation between PROP« and EFM.
Theorem 6.4. An EFM allocation is PROPc.
This relation is also tight due to the following result.

Theorem 6.5. For any € > 0, an EFM allocation may not be
PROP(1 —¢)an.

It is worth noting that Bei et al. [2021a] designed an al-
gorithm for computing an EFM allocation. However, their
algorithm utilizes the perfect allocation oracle, which is not
in polynomial time when we have a heterogeneous cake, and
consists of the intricate envy-graph maintenance and envy-
cycle elimination subroutine. On the contrary, Algorithm 1
runs in polynomial time and is simple to implement.

6.2 Connections to MMS

We also consider the relation of our “up to a fraction” fairness
notions with MMS as defined in the following.

Definition 6.6 (3-MMS). Let II,,(A) be the set of all n-
partitions of A. The maximin share (MMS) of any agent
1 € N is defined as

MMS; =

max
e, Py

min u; (P;).
P=(P;,P;, i(7)

)EI, (A) JEN

An allocation that reaches MMS,; is called an MMS-
allocation of agent 7. Given any S € [0, 1], allocation A is
B-approximate MMS fair (3-MMS) if u;(A4;) > S - MMS;
for every agenti € N. When 8 = 1, we simply write MMS.

It is easy to see that when the goods are all divisible, MMS
coincides with PROP. When the goods are all indivisible,
MMS is strictly weaker than PROP but implies PROP1 [Cara-
giannis ef al., 2023]. Our next result is a generalization that
encompasses these two extreme cases.

Theorem 6.7. Any MMS allocation is PROPa.

Recall that MMS allocations may not exist, however, an
approximately MMS allocation may not be PROPa.

Theorem 6.8. For any § € (0, 1), a 3-MMS allocation may
not be PROPa.

7 Conclusion

We study the fair allocation of a mixture of divisible and
indivisible goods. We introduce the indivisibility ratio and
fairness notions of envy-free and proportional up to a frac-
tional good, which serves as a smooth connection between
EF/PROP and EF1/PROPI1. Our results exhibit the limit of
the amount of the fractional item that we need to relax so
that a fair allocation is guaranteed, which affirm the intuition
that the more divisible items we have, the fairer allocations
we can achieve. There are some problems left open. For ex-
ample, there is a constant gap between the upper and lower
bounds of the fractional relaxation of EF, and it is not clear
whether EFna and PO are compatible. Our paper also unveils
intriguing possibilities for future research. One such avenue
is proposing alternative relaxations of the ideal fairness prin-
ciples to better capture the characteristics of mixed scenarios,
such as the customized indivisibility ratio in our model.
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