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Abstract

Compressing deep neural networks is of great im-
portance for real-world applications on resource-
constrained devices. Tensor decomposition is one
promising answer that retains the functionality and
most of the expressive power of the original deep
models by replacing the weights with their decom-
posed cores. Decomposition with optimal ranks
can achieve a good compression-accuracy trade-
off, but it is expensive to optimize due to its dis-
crete and combinatorial nature. A common practice
is to set all ranks equal and tune one hyperparame-
ter, but it may significantly harm the flexibility and
generalization. In this paper, we propose a novel
automatic rank selection method for deep model
compression that allows learning model weights
and decomposition ranks simultaneously. We pro-
pose to penalize the ¢y (quasi-)norm of the slices
of decomposed tensor cores during model training.
To avoid combinatorial optimization, we develop
a probabilistic formulation and apply an approxi-
mate Bernoulli gate to each of the slices of tensor
cores, which can be implemented in an end-to-end
and scalable framework via gradient descent. It
enables the automatic rank selection to be incor-
porated with arbitrary tensor decompositions and
neural network layers such as linear layers, con-
volutional layers, and embedding layers. Com-
prehensive experiments on various tasks, including
image classification, text sentiment classification,
and neural machine translation, demonstrate the su-
perior effectiveness of the proposed method over
baselines.

1 Introduction

In the last decade, deep neural networks have achieved excel-
lent results on a variety of ill-posed machine learning tasks in
various fields, including image classification and object de-
tection [He ef al., 2016] in computer vision (CV), neural ma-
chine translation (NMT) and language modeling [Vaswani et
al., 2017] in the field of natural language processing (NLP),
and music source separation [Rouard et al., 2023]. Many pio-
neering models have a large number of parameters, which are
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considered to enhance the feasibility of learning optimization
and the expressive power of the model in later studies [Arora
et al., 2018]. For example, a ResNet-50 has 25.6M param-
eters and needs 97.5MB memory storage. The large stor-
age and computation overhead associated with a huge num-
ber of model parameters makes it difficult to apply deep neu-
ral networks on resource-constrained devices, such as smart-
phones, wearables, and IoT devices. Several works [Ba and
Caruana, 2014] have shown that modern neural networks are
highly redundant because most parameters are attributed to a
small subset of the learned parameters. This has given rise
to the study of various types of model compression tech-
niques, including low-rank approximation [Yaguchi er al.,
2019], knowledge distillation [Hinton et al., 2015], pruning,
and quantization [Han et al., 2015].

As a promising low-rank technique, tensor decomposition
efficiently represents high-order arrays using decomposed
tensor cores. It has been an attractive tool in quantum sys-
tem modeling [Ords, 20191, data mining [Kwon et al., 2023],
and applied mathematics applications [Dolgov et al., 2021],
and has been applied to compress neural networks [Novikov
et al., 2015]. A compact model in the decomposed form
can be used to replace the original model with little perfor-
mance loss. Thanks to the good expressive power of ten-
sor decomposition, tensor decomposition-based compression
methods usually result in large compression rates. However,
they usually suffer from the rank selection problem, which is
particularly serious in the successful chain-structured Tensor-
Train [Novikov et al., 2015] and Tensor-Ring [Wang et al.,
2018] methods due to their large rank search spaces.

In the data completion problem, it has been extensively
studied that ranks are essential influence factors to the expres-
sive power of decomposition [Hashemizadeh er al., 2020]. A
similar phenomenon [Li er al., 2021] holds for deep com-
pression since tensor ranks determine the shapes of decom-
posed cores and thus control the trade-off between model ac-
curacy and compression rate. Early works [Yin et al., 2022]
typically select ranks manually for each decomposed layer,
where all ranks are set to equal and treated as one hyperpa-
rameter. However, it is intuitively over-simplified and usually
leads to sub-optimal performance. Several automated non-
uniform rank selection methods are proposed, turning out to
be better than the simple uniform scheme. However, exist-
ing methods rely on iterative large-scale low-rank tensor ap-
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proximations [Gusak et al., 2019], retraining [Li et al., 2021],
Bayesian network design [Hawkins and Zhang, 20211, or in-
teger approximate searching algorithms such as genetic algo-
rithms [Li et al., 2021] and reinforcement learning [Cheng
et al., 2020], which complicate the optimization and require
significantly additional training overhead and memory con-
sumption.

To overcome these limitations, in this paper, we propose to
apply an approximate Bernoulli gate to each of the slices of
tensor cores and apply probabilistic £y regularization on the
ranks of decomposed tensor cores during training. The pro-
posed {y-regularized scheme requires only a little extra over-
head than training a vanilla tensorized neural network and
manages to find a superior set of ranks than baselines. We
also introduce an initialization scheme. The technical contri-
butions are summarized as follows.

* We propose a novel gated form of tensor contractions
(illustrated in Fig. 2) and a probabilistic ¢y-regularized
rank selection method that allows simultaneous parame-
ter learning and rank selection, as well as flexible com-
bination with arbitrary tensor decompositions.

* We introduce the scheme of optimization using an effi-
cient and scalable gradient-based optimizer with the help
of the Gaussian-based Bernoulli continuous relaxation.

¢ Our method has been successfully applied for tensorized
fully-connected layers, convolutional layers, and em-
bedding layers, and comprehensive experiments on var-
ious CV and NLP tasks show its efficiency.

2 Related Work

Tensor Methods for Deep Compression. Tensor decom-
position has been successfully applied to deep model com-
pression. Various types of decompositions, e.g. Tucker
[Gusak et al., 20191, CP [Lebedeyv et al., 2014], Tensor-Train
(TT) [Novikov et al., 2015; Yin et al., 2022], Tensor-Ring
(TR) [Wang et al., 2018], and Tensor Network [Hayashi et
al., 2019], are used in designing significantly compact neural
network layers. Early works focus on fully-connected lay-
ers [Novikov er al., 2015; Yang ef al., 2017] and convolu-
tional layers [Garipov et al., 2016; Wang er al., 2018], while
more recent works generalize to tensorized word embedding
[Hrinchuk et al., 2020] and self-attention [Ma et al., 2019].
Our proposed method can be well combined with existing
techniques and is not limited to specific types of decompo-
sition, layers, and tasks, as will be shown in the methodology
and experiments.

Tensor Rank Selection. A major problem of tensor-based
deep compression is how to determine the ranks of the com-
pact tensorized representation of layers. Determining the ten-
sor rank is NP-hard on CP decomposition [Hillar and Lim,
2013], and it is likewise non-trivial on other decompositions,
which is commonly circumvented by setting all ranks equal in
model compression. This uniform rank selection scheme sac-
rifices more performance than non-uniform ones [Kodryan ef
al., 2023]. To achieve non-uniform rank selections for a bet-
ter compression-performance trade-off, MUSCO [Gusak et
al., 2019] iteratively performs low-rank approximation with
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ranks determined using variational Bayesian matrix factor-
ization [Nakajima et al., 2010] and fine-tuning. [Dai et al.,
2023] jointly learns full and low-rank Tucker models and uti-
lizes Tucker decomposition at each iteration to reduce ranks.
[Cheng er al., 2020] treats ranks of decomposition as actions
and performance plus compression ratio as rewards, and then
searches TR ranks using a reinforcement learning agent. [Li
et al., 2021] proposes to progressively search TR ranks us-
ing neural architecture search techniques with genetic algo-
rithms. Bayesian approaches [Hawkins and Zhang, 2021;
Kodryan et al., 2023] model the distributions of TT ranks
and learn the proper ranks via smart prior choices. Current
approaches typically treat the rank selection problem as com-
binatorial optimization and apply approximate search algo-
rithms to solve it, resulting in significantly additional compu-
tational costs for searching and re-training. In contrast, our
proposed method requires only a little additional overhead
than training a vanilla tensorized neural network, without sac-
rificing prediction performance.

Regularization for Sparsity. Prior works in the context of
feature selection and neural network pruning have extensively
investigated embedded regularization approaches. To men-
tion a few relevant, LASSO [Tibshirani, 1996] selects feature
subsets with convex ¢; constraints. Grouped ¢; regularization
allows structured neural network pruning [Wen et al., 2016].
Non-differentiable ¢, is introduced by its relaxed alterna-
tives, such as Concrete [Maddison et al., 2016], Hard Con-
crete [Louizos et al., 2018; Zhen et al., 2022] and stochas-
tic gate approximation [Yamada et al., 2020]. Despite the
difficulty of non-convex optimization, ¢y-based approaches
outperform the convex /7 in both feature selection [Yamada
et al., 2020] and model compression [Louizos et al., 2018].
Therefore, it is promising to impose ¢y regularization to learn
the appropriate tensor rank of the weight parameters and
prune tensorized neural networks.

3 Preliminary
Notations. A tensor, in machine learning literature, refers
to a multi-dimensional array. Throughout the paper, ‘x’,
‘X’, and ‘X’ denote scalar, matrix, and tensor respectively.
The (i1, ...,in)-th entry of N-order tensor A is denoted as
Ali,...,in). We use the notation [n] = {1,...,n}, where
n is a positive integer. The ¢y (quasi-)norm || - ||o refers to the
number of non-negative entries of a matrix.

Contraction. Tensor contraction is a mathematical oper-
ation that extends the concept of matrix multiplication to
higher-dimensional tensors. It involves summing the prod-
ucts of corresponding elements along matched indices, result-
ing in a new tensor with reduced dimensions. A formal def-
inition can be found in [Kodryan et al., 2023]. For instance,
given two tensor G; € R™*41%72 and G, € R™2X92X"1  the
output tensor A € R %42 ig obtained through tensor con-
tractions along two matched indices as follow:

Alar,a2) = {61 x5 Ga f (1. a2)

T1,72 (1)
= Z gl(’l:, al,j)QQ(j7 a27i)'

ij=1
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Tensor Decomposition. In this paper, we adopt TR [Wang
et al., 2018] as the main decomposition method for com-
pression, and the same idea applies to other methods as
well. A TR decomposition [Zhao et al., 2016] represents

X € RIv<xla with cores {gi}le as follows:
= > Gi(ra,ir,m1) - Ga(ra1,ia,7a),
T1,.--5Td
2

where G; € REi-1xlixRi for j € [d] and Ry = Ry4. The in-
termediate dimensions {Ri}le are the TR ranks. Constrain-
ing Ry = Ry = 1 yields a TT decomposition model [Os-
eledets, 2011]. With the rest intermediate ranks equal, a TR
decomposition can be seen as a linear combination of TT de-
compositions and thus has stronger expressive power.

X(i1,...,1q)

4 Methodology

Suppose that X is the random variable in the input domain
R’ with corresponding variable Y in the output domain R,
let fo(-) be the L-layer neural network predictor parameter-
ized by weights 8 = {W;},__,. Given a loss function £, the
expected risk minimization can be formulated as:

mgin ]E)QYﬁ(f@(X),Y), 3
where Ex [-] is the expectation over the distribution P(X).

4.1 Tensorized Neural Network Layers
We start by parameterizing the predictor using decomposed
cores. To compress the most common layers involving lin-

ear transformations (including fully-connected layers' and
embedding layers), following [Novikov er al., 2015; Wang

et al., 2018], the weight matrix W € RP*! is reshaped
to a high-order tensor W € RO1X - XOn XX XIm yhere
O =1I;,0;and I =[[:", I;. Then W can be represented
by TR cores {G;}/""" of ranks {R;}7"1". An arbitrary in-
put sample * € R! is correspondingly reshaped to X €
RIx=xIm Thys, the reshaped output ) € RO1**On g
calculated through contractions between the cores and X’:

V@, dm) =Y. Wlir,. o yiny i,y jm) X (i, in),
D1 yeenslin
(€]
where
Wi, . yinsgtyedm) = Y Gi(Pmgn,in,m1) -
Tl Tm4n
gnz+n (r’m#»nfl ) jm7 7"'r77,~§»71,)-
()

Once Y is obtained, it can be flattened to y € RO.

The original convolutional layer has the weight of a ker-
nel tensor K € ROXIXEXK and deals with the input x of
shape H x W x I, where O, I, and K are the number of
output channels, the number of input channels, and the ker-
nel size, respectively. Similar to (4), IC and X are reshaped
to Rol X XOpy XI[1 X X [y X KX K and RHxlel ><-<-><Im’ re-

spectively, where O = []!_, O; and I = T[], I,. Then,

'Biases are omitted in this part to simplify notation.
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X € RIvxxin

w yEROlX

Figure 1: Tensor diagram of a TR linear layer. The output Y is
calculated through contractions between X and tensor cores.

T

Figure 2: Schematic diagram of the gated tensor contraction for TR
decomposition. The [-th layer parameterized with the original TR
cores {G; }t, is modified to be parameterized with {G;, Z; } 1,

IC is represented with TR cores {U4;};_; U{G} U {V;}7,,

where U; € RR 1 XI; XxR; , g c RR ><K><K><R,,+1’ and
V; € Réﬁ"xo *Rj+nt1 Then, the original convolutional
operation, formulated by

ZZthz

dy,d2=11i=1

where h = (' —1)S+d; —Pand w = (w' —1)S+dy — P
with S € N being the stride, and P € N being the padding
size, can be reformulated by a three-step alternative:

=D XM, Wi, i) f[

D seeertn,

h w, O (dl,dz,’i,o), (6)

P(h/a w/7 To, Tn)

TJ 171]7TJ)

Tl —1
@)
Q(h7 w,To, ’f'n+1) = Z P(hl7 wla To, r’ﬂ)g(rn’ d17 d27 ’f’n+1)7
dy,d2,Tn
®)
m
y(hawvo) = Zg(h7w7T07rn+l H Tn+],0],rn+]+1)
T0sTn+1, j=1
s Tndm

C)
Note that in (5), (7), and (9), TR ranks determine the number
of parameters and the expressive power of the model, whose
search space could be potentially large with a large number of
cores. Setting all ranks equal could be over-simplified while
manually tuning each of the ranks is impractical. There-
fore, we consider an automatic rank selection method for ten-
sorized neural networks.

4.2 Automatic Rank Selection via Probabilistic £,
Regularization

In this section, we propose an fy-based rank selection for-
mulation through approximate Bernoulli gates, to remove the
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rank redundancy without performance loss in (5), (7), and
(9). Following the decomposition scheme in Sec. 4.1, @ in

(3) is parameterized with cores {{g§ )} ' HE |, where ny is
the number of cores of the /-th layer. Based on (3), we define
the following low-rank constrained optimization problem:

moin ExyvL(fo(X),Y) 10
s.t. rank(g(l)) R(l) <Q, ie[nlell],
where () is some target rank.
Gated Tensor Contraction with ¢, Regularization. Since

(10) is unsolvable with gradient methods due to the non-
differentiable nature of the rank function, one may replace the
rank minimization with trace norm penalty [Tomioka et al.,
2010]. However, penalizing on the trace norm is SVD-based
and thus computationally intractable in large-scale neural net-
works. To overcome the limitation, we introduce Bernoulli
gates applied to slices of tensor cores to shrink their ranks
and propose the gated tensor contraction. Specifically, we
propose to insert a diagonal matrix Z; € R%*% between
each pair of adjacent factors (G;, G,+1) to be contracted, as
shown in Fig. 2. Diagonal entries of Z; are independent ran-
dom variables and satisfy Z;(j,j) ~ Bern(m;;). Then the
contraction between G; and G, is replaced by:

{Gi x3Z; x31Gi+1}(q,a1,a2,p)

da (11)
:Zgi(%a17j)Zi(j7j)gi+l(jaa27p)7

i=1

where Z; acts as gates on the ranks of cores G; and G; .
The learning problem of (10) is then transformed to an £y-
regularized optimization problem:

ny

HZZIIZ” ||o] :
=1 1=1 (12)

where £ is parameterized by 8 = {{g {7r } O
and A is the non-negative hyperparameter Note that if
Zi(4,7) = 0, the slices G;(:,:,7) and G;11(J,:,:) can be
zeroed out and pruned without changing the result of tensor
contractions. Therefore, (12) can be seen as a structured prun-
ing on tensorized neural networks that brings an actual re-
duction in both parameters and computations. A simple and
conventional way is to relax ¢y to ;. However, practically,
introducing an ¢; penalty into gradient methods does not re-
sult in sparse solutions [Ziyin and Wang, 2023] and requires
post-training thresholding.

II;i/n EzEX,y (fB

Approximate Bernoulli Gates for /, Regularization. The
optimization of (12) involves sampling from discrete distribu-
tion and suffers from high variance?. Inspired by stochastic
gates [Yamada er al., 2020], we propose to use the Gaussian-
based Bernoulli continuous relaxation, which makes the rank

2An ablation study is done in the supplementary material. Op-
timizing discrete distribution is feasible but unstable and ineffi-
cient. Code and supplementary materials are available at https:
//github.com/ctxGou/Tensor-LO-Compression.
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selection and the end-to-end learning of a tensorized neural
network stable and scalable. For simplicity of notations, we
consider one layer with n tensor cores of the neural network
and omit the index [. An approximate Bernoulli gate is de-
fined by Z,(4,j) == z,; = max(0,min(1, yu,; ; + o€, ;)),
where ¢; ; ~ N(0,1) and o is fixed during training. Thus,
its gradient with respect to j; ; can be computed using stan-
dard backpropagation, and the expected ¢, regularizer of Z;
becomes

R;
i - Hi,j
R({pi}E) = Eeonon 1 Zilo = >_ @ (H22), (13)
=1
where ®(-) is the standard Gaussian CDF. Given the training

data {z,y, }_,, the Monte Carlo (MC) approximation of
the regularized empirical risk minimization of (12) is

1 M 1 K
n;i/n M Z <K Zﬁ(f{g,,zy"]}yl(mk%yk))
m=1 k=1
n R;
Hij
FADY e (M),

i=1 j=1

(14)

where the set of variablesis 8’ = {{Q(l)

{N }g 1 1}1 1°
[m

2 = maX(O min(1, p; ; + 0'6[ L])) is the m-th MC sam-

1,5
ple, e ~ N(0,1), and M is the number of samples. The
gradlent of the objective of (14) w.r.t. p; ; is estimated as
VM,J]EmN(o H[L(fy (X),Y) + Al Z:]lo]
[m]
1 8/3 G, 5'2 0 i 15
0 0 3 D g (), 1P
M agz 82 aﬂl N Opi o
where gi = G; X3 Z;. The optimization incorporated with

the ¢y norm can be solved using ubiquitous stochastic gra-
dient methods through the approximations. Compared to
a vanilla tensorized neural network parameterized with ten-
sor cores, our formulation introduces minor extra parameters
with their number linear to the sum of tensor ranks.

Learned Ranks and Pruning. During the evaluation
phase, the injected noises ¢; ; are removed for determinis-
tic prediction, leading to z; j = max(0, min(1, ; ;)). There
is no need to round the learned gates after training since (1)
most of the gates converge to 0 and 1, and (2) rounding of
the gates scales some slices of the cores, resulting in output
distortion and possible performance degradation. The trained
gates {Z;}7_; in (14) indicate the learned ranks, because the
slices G;(:,:,7) and G, 11(J, 1, :) can be zeroed out and pruned
if Z;(j,7) = 0. The learned rank R; is defined as follows:

R, = Z]I ) > 0), (16)

where I(-) is the mdlcator function. It is worth noting that
sparsity does not imply instant compression. To this end,
we create a compact representation (denoted by G7) of the

core tensor G; € REi-1xdxRi by excluding the pruned slices,
leading to size reduced to Ri_1 xdx R;.
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4.3 Initialization

Training a tensorized neural network from scratch requires
proper weight initialization. We propose to initialize all ji;;’s
by some real numbers larger than 1, so all gates are one at
the beginning, making the initialization methods on origi-
nal tensorized neural networks applicable. For the sake of
convergence and stable training, model weights are designed
to maintain variance during forward propagation and dur-
ing backward propagation. Specifically, consider a TR fully-
connected layer or embedding layer with weights {G; ;flm,
and ranks {R;}"1", the input and output are denoted by
X € RIv<XIm and Y € RO % XOn respectively. We
make an assumption on X and {G;}7™ that their entries
are i.i.d., and thus the following equation holds:

n+m

?(Y) =*(X) [[ *(G)Ril, (17)

i=1

following Proposition 3.3 of [Pan et al., 2022], where I =
[T~ I;. Similar to Kaiming Initialization [2016], we con-
sider the impact of ReLU activation and seek 02()) =
202(X) to avoid exponentially reducing or magnifying the
magnitude of inputs. Additionally, we simply assume
0(G1) =+ = 0(Gnim). Therefore, (17) becomes

2 2 .
— . vml. (8
a“(G;) + IHZ:T Rk i € [n+m] (18)

In a similar way, the variance of tensorized convolutional
layer TR cores with {G;}"*/"*! and ranks {R;}*/"*! is
derived as follows:

2
2
o gl = ntm+l ,
( ) \/K2IHZi-;n+1 Rk

where K is the kernel size.

Tensor cores are initialized to uniform distribution follow-
ing the variance suggested as (18) and (19). In some rare
cases, we observe that the learned rank Rl drops to 0 with all
gates turning to 0’s, for which the whole layer is zeroed out
and the data flows are destroyed. Such glitches can be cir-
cumvented by stopping updating the diagonal entries of Z;
once their values are lower than a pre-defined minimal rank.

i€n+m+1],
19)

5 Experiments

The proposed approach applies to various layers that can
be parameterized with factorized tensor formats. There-
fore, in this section, we evaluate the proposed method on
various learning models for a wide range of applications.
To evaluate the fundamental availability of our method on
fully-connected layers, we initiate the experimental study
with a basic 2-layer MLP on the MNIST dataset [LeCun et
al., 1998], following the structure of [Hawkins and Zhang,
2021] (Sec. 5.1). Then we extend to convolutional lay-
ers based on LeNet-5, which is used in [Wang et al., 2018]
(Sec. 5.2). To show the robustness and scalability of the
proposed approach on deeper networks, we further inves-
tigate the performance of ResNet-32/110 [He et al., 2016;
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Method Accuracy (%) Compression

Original 97.58+0.11 1x

TT 97.78+0.03 18.25x

TR 98.47+0.01 17.60x

LR-BTNN [2021] 97.8 137x

MARS (soft) 98.08+0.12 167.68+13.32x

MARS (hard) 97.53+£0.41  196.55 £ 18.38x

Ours (TT) 97.50+0.27  240.86£60.46 %

Ours (TR) 97.95£0.29 219.21470.60 %
98.0510.30 199.32£31.95x

Table 1: Comparison results of 2-layer MLP on MNIST. Results
show the mean and standard deviation of five runs from different
random seeds. The result of the Low-rank Bayesian Tensorized NN
(LR-BTNN) is cited from [Hawkins and Zhang, 2021]. In this table
and the following tables to appear, Compression refers to compres-
sion ratio, i.e., the number of parameters of the original model di-
vided by the number of parameters of the compact model.

Wang et al., 2018] on the CIFAR-10 dataset [Krizhevsky et
al., 2009] (Sec. 5.3), which is a particularly common set-
ting in deep compression literature. Moreover, we evalu-
ate our approach to embedding layers of LSTMs [Hochreiter
and Schmidhuber, 1997] and Transformers [Vaswani et al.,
2017] on NLP tasks, including text sentiment classification
and neural machine translation (Sec. 5.4).

Methods for Comparison. We compare our proposed
method with tensor decomposition baselines with uniform
ranks [Wang er al., 2018], and cutting-edge rank selection ap-
proaches [Cheng er al., 2020; Gao et al., 2020; Li et al., 2021,
Kodryan et al., 2023]. We implemented Tensor-Ring Net
[Wang et al., 2018] and conducted the experiments of MARS
[Kodryan et al., 2023] in Sec. 5.1 by their released code.

5.1 Tiny Example: 2-Layer MLP

In the first experiment, we evaluate our method on a toy
2-layer MLP on the MNIST image classification task us-
ing 60k/10k train/test samples. We follow the same settings
of structures in [Hawkins and Zhang, 2021; Kodryan er al.,
2023], which train the network and select ranks in an end-
to-end fashion. A tensorized neural network with two fully-
connected layers [Novikov et al., 2015] of 784 x 625 and
625 x 10 is parameterized with two TT-matrix representa-
tions of sizes (7,4,7,4) x (5,5,5,5) and (25,25) x (5,2),
respectively. Initial ranks are set to 20, as recommended
in [Kodryan er al., 2023]. We also extend the 2-layer net-
work to TR decomposition of shapes (7,4,7,4,5,5,5,5) and
(5,5,5,2) for two layers, respectively. We set o = 1 and the
MC sampling number M = 1.

Results are shown in Table 1. We test our method and
reproduce the results in [Kodryan er al., 2023] (denoted as
MARS) by running the provided codes, where soft and hard
represent different hyperparameter choices. Both models are
trained for 300 epochs using Adam with decaying learning
rates from le — 2. The results indicate that with a compara-
ble performance loss, ours learns a tensorized neural network
of much lower ranks, suggesting the effectiveness of the ;-
based regularization.
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Figure 3: The learned ranks of ours and PSTRN for LeNet-5 on
MNIST. Ours with darker blue and the one lighter correspond to the
second and the first row of Ours (TR) in Table 2, respectively. The
horizontal axis is the index of the rank of the cores. | Layer 1-4

The two results of Ours (TR) are obtained by using dif-
ferent values of A’s (A = 0.003 and A = 0.001). The hy-
perparameter A controls the strength of regularization on the
sparsity of the diagonal entries of Z;. It helps to dramatically
decrease the size of the search space, compared to manual
tuning. As we will further see in the following experiments
in Sec. 5.3, the search of A\ can be further averted using a
budget-aware scheme.

5.2 LeNet-5 on MNIST

We follow the network architecture described in [Wang et al.,
2018]. The model is a modified LeNet-5-like CNN, which
incorporates two convolutional layers with 20 and 50 output
channels, respectively, and two linear layers with 320 and
10 neurons, respectively, resulting in a cumulative parame-
ter count of 429K in an uncompressed state. To embed TR
decomposition to the network and present a fair comparison,
we follow the decomposition settings of [Wang er al., 2018].
We train the nets using Adam with decaying learning rates
from 5e — 3. In this experiment, we set 30 =05, M =1,
and initial ranks as 25.

Table 2 reports the prediction performance and compres-
sion rates of ours and other rank selection approaches. Our
method achieves a competitive accuracy-compression trade-
off. It is worth noting that PSTRN [Li et al., 2021] utilizes
a genetic algorithm search scheme, and therefore requires an
evolutionary phase in which thousands of models are trained
to search the appropriate sets of ranks. [Li et al., 2021] reports
that the search processes cost about 5 GPU days on NVIDIA
V100s, which is much more time-consuming than our end-to-
end rank selection approach.

Figure 3 further shows the learned ranks of the proposed
method and PSTRN. PSTRN learns very small ranks in some
cores but large ranks in other cores, while the learned ranks
within a layer of ours are closer, resulting in a larger compres-
sion rate. Whether the optimal rank should be more even or

3 A hyperparameter sensitivity analysis and experiments on KM-
NIST and FMNIST are presented in the supplementary material.

3785

Method Accuracy (%)  Compression
LeNet-5 99.37+0.06 1x
TRN (r = 10) 99.03£0.15 26x
TRN (r = 15) 99.1610.06 11.71x
TRN (r = 20) 99.20£0.08 6.62 %
Tucker [2018] 99.15 2%
MPO (TT) [2020] 99.17 20x
PSTRN [2021] 99.4 16.5x
MARS [2023] 99.0 10+£0.8x
Ours (TR) 99.19+0.06  61.3942.84x
99.37+£0.03  20.53%+0.81x

Table 2: LeNet-5 on MNIST. Results show the mean and standard
deviation of five runs. Compared methods include: Tensor Ring
Nets (TRN) [Wang et al., 2018], Tucker (reproduced in [Wang et al.,
2018]), Matrix Product Operator (MPO) [Gao et al., 20201, Heuris-
tic rank selection (PSTRN) [Li ef al., 2021], and Masked automatic
rank selection (MARS) [Kodryan et al., 2023].

vice versa, which could be relevant to the function of each
tensor core in tensorized neural networks, is still an open
problem, and we leave it for future research.

5.3 ResNets on CIFAR-10

The combinations of ResNets [He et al., 2016] and CIFAR-
10 [Krizhevsky et al., 2009] are popular settings in the liter-
ature on deep compression. CIFAR-10 [Krizhevsky et al.,
2009] consists of 50k images for training and 10k images
for testing. We utilize SGD optimizer with a decaying learn-
ing rate initiating from 0.1. The models are trained for 200
epochs with batch size 128. The stochasticity introduced by
the gates Z;’s makes the ¢, approximation theoretically and
empirically practical, but it also brings difficulties to the train-
ing of tensor core parameters due to the perturbation dur-
ing the training phase. Thus, on the relative deep network
ResNet, we set the variance of sampled noises o = 1073,
M = 1, and initial ranks as 15. The choice of A directly
determines the final compression rate, which brings inconve-
nience in practice since one may need to do cross-validation
to meet a specific trade-off between compression and ac-
curacy. We circumvent the problem by stopping updating
the parameters of Z;’s and removing their stochasticity af-
ter the target compression ratio is reached. For a fair com-
parison, we follow [Wang et al., 2018; Cheng et al., 2020;
Li ef al., 2021] by using the same TR decomposition (the
same shapes and orders of core tensors) of ResNet-32 pro-
posed in [Wang et al., 2018]. We also conduct an experiment
with ResNet-110 on CIFAR-10.

Results are shown in Tables 3 and 4. Our method out-
performs the uniform rank baselines and rank selection ap-
proaches at a compression ratio of around 5x. Specifically,
ours has a 0.5% accuracy advantage over Tensor-Ring Net
baselines with a uniform rank of 10 at a similar compression
rate, which again validates the superiority of the non-uniform
rank scheme. While it is reported in [Li et al., 2021] that
the search processes for ResNet-32 of PSTRN cost about 3.2
GPU days on NVIDIA V100, ours requires about ~ 0.11
GPU days on NVIDIA 2080Ti, which is ~ 1.18x time of
training a TR Net with a uniform rank of 15 and achieves
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Method Accuracy (%) Compression
ResNet-32 92.47+0.17 1x
TRN (r = 15) 91.33£0.05 2.28%
TRN (r = 10) 90.45+0.10 4.95x
TT (r = 13) [2018] 88.3 4.8x
Tucker [2020] 87.7 5x
TR-RL [2020] 88.1 15x
PSTRN-M [2021] 90.6 5.1x
Ours (TR) 90.93£0.05 95X

Table 3: Results of ResNet-32 on CIFAR-10 image classification.
Results with means and standard deviations are repeated three times,
and others are cited from existing works. Unfortunately, Tensor-
Ring Reinforcement Learning (TR-RL) [Cheng et al., 2020] did not
report the performance on ~ 5X compression rate.

Method Accuracy (%) Compression
ResNet-110 93.13+0.18 1x
TRN (r = 20) 92.31+0.18 1.36x
LR-BTNN [2021] 90.4 7.4x
MARS [2023] 91.1 5.5%
Ours (TR) 91.09+0.30 5.6 %

Table 4: ResNet-110 on CIFAR-10 image classification. Results
with means and standard deviations are obtained from three runs.

a 0.33% accuracy gain under 5x compression rate. The
search process of PSTRN is done with genetic algorithms
and therefore becomes extremely time-consuming when the
search space is large. In addition, PSTRN adopts a coarse-
grained layer-wise rank selection scheme. In contrast, our
method can search the rank of every tensor core with little
extra overheads.

5.4 Embedding Layers

Word embedding is one of the core components of neural-
based NLP models, which encapsulates linguistic informa-
tion into vectors. However, as the vocabulary and embedding
size increase, the number of its parameters can become large.
For instance, neural machine translation models typically em-
ploy embeddings with a vocabulary size of ~30k and an em-
bedding size of ~1024, totaling around 3 x 107 parameters.
A compact TT representation of embedded layers is pro-
posed in [Hrinchuk er al, 2020], replacing the original
huge layers and drastically reducing the number of param-
eters. The implementation of this method is the same as
the TT-format linear layer without bias and can be eas-
ily extended to TR. We first compare our probabilistic £-
based rank selection scheme with [Hrinchuk et al., 2020;
Kodryan er al., 2023] on TT-embeddings in a text sentiment
classification task, and then validate its effectiveness on TR-
embeddings [Hrinchuk e al., 2020] in a NMT task.

Text Sentiment Classification. We follow [Hrinchuk et
al., 2020; Kodryan et al., 2023] by using the fine-grained
five-class Stanford Sentiment Treebank (SST) dataset*. The
dataset consists of 8.54k texts for training and 2.21k texts for

*Details at https://nlp.stanford.edu/sentiment/.

Method Accuracy Comp. (Emb.) Param.
Original Emb. 37.4% 1x 5.20M
TT (r = 16) 41.1% 182x 0.82M
MARS [2023]  42.4% 340x 0.81M
Ours (TT) 42.2% 449 x 0.80M

Table 5: Text sentiment classification results, BILSTM on SST-5.
We report the classification accuracy, the compression rate in em-
bedding layers, and the number of parameters.

Method SacreBLEU Comp. (Emb.) Params.
Original Emb. 32.36 1x 65.13M
TR (r = 32) 32.14 21.33x 49.14M
TR (r = 27) 31.76 29.97x 48.91M
Ours (TR) 31.94 30.78x 48.90M

Table 6: Transformer on IWSLT 14 De-En. SacreBLEU [2018]
(higher is better) with tokenizer MTEVAL-V 14.PL is reported on the
results of testing hypotheses vs. ground truth sentences. Note that
the number of parameters excluding embedding layers is 48.35M.

testing. We take the most frequently appearing 17200 words
and embed them into vectors of 256 dimensions using embed-
ding layers of the original shape 17200 x 256. Embedding
layers are followed by a bidirectional 2-layer LSTM with a
hidden size of 128 and a dropout rate of 0.5.

In our experiment, initial ranks are set as 16. To compare
with [Kodryan et al., 2023; Hrinchuk et al., 20201, we use TT-
embeddings of the same shape (10,10,12,15) x (4,4,4,4).
As shown in Table 5, our method achieves similar accuracy
but a higher compression ratio than MARS and outperforms
baselines in both metrics.

Neural Machine Translation. In this experiment, we use
a standard Transformer [Vaswani et al., 2017] and different
embedding layers to conduct NMT on the IWSLT’ 14 De-
En [Cettolo et al., 2014] dataset, which consists of 170k
German-English sentence pairs for training and 6.75k pairs
for testing. We use a vocabulary of 32768 tokens via a joint
source and target Byte-Pair Encoding (BPE). A full hyperpa-
rameter list can be found in the supplementary material.

Results are shown in Table 6. We use a TR-embedding of
shape (32, 32, 32) x (8,8, 8) for TR and Ours and search the
ranks initiated from 32. On this challenging task, our method
learns a more compact layer with a preferable BLEU score
compared to the TR baselines with uniform ranks.

6 Conclusion

In this paper, we present an ¢y-regularized formulation for
jointly learning model weights and decomposition ranks of
tensorized neural networks in an end-to-end manner and pro-
pose to efficiently solve this by probabilistic approximations
of ¢y (quasi-)norm. Comprehensive experiments are done to
validate that the proposed scheme learns more compact mod-
els. Our future work includes applying the method to other
layers, e.g. tensorized self-attention, and combining existing
orthogonal techniques, such as knowledge distillation [Wang
et al., 2021; Li et al., 2022; Gu et al., 2022].
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