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Abstract

As the theoretical underpinnings for subspace clus-
tering and classification, subspace-preserving re-
covery has attracted intensive attention in recent
years. However, previous theoretical advances for
subspace-preserving recovery only focus on the
single-view data and most of them are based on
conditions that are only sufficient. In this paper,
we propose a necessary and sufficient condition re-
ferred to as Atomic Recovery Property (ARP) for
multi-view subspace-preserving recovery. To this
end, we generalize the atomic norm from single-
view data to multi-view data and define the Multi-
view Atomic Norm (MAN). Our another contri-
bution is to provide a geometrically more inter-
pretable characterization of ARP with respect to the
unit ball of MAN. Based on the proposed multi-
view subspace-preserving recovery theory, we also
derive novel theoretical results for multi-view sub-
space clustering and classification, respectively.

1 Introduction

In many machine learning problems, data in a class lie in a
low-dimensional subspace of the high-dimensional ambient
space [Li er al., 2019; Wright et al., 2009; Elhamifar and Vi-
dal, 2013; Vidal, 2011]. The examples include but not limited
to trajectories of a rigidly moving object in a video and fa-
cial images of a subject captured under varying illumination.
Accordingly, a data set from multiple classes lie in a union
of low-dimensional subspaces, where each subspace corre-
sponds to one class. To exploit the low-dimensional struc-
ture of high-dimensional data, in recent years a number of
supervised and unsupervised learning methods have been de-
veloped for subspace classification [Wright et al., 2009] and
subspace clustering [Vidal, 2011], respectively.

1.1 Single-view Subspace-Preserving Recovery

As the theoretical underpinnings for subspace clustering and
classification, subspace-preserving recovery has attracted in-
tensive attention in recent years [You and Vidal, 2015; Kaba
et al., 2021; Zhang et al., 2021]. Let A € R4*N be a ma-
trix with the columns drawn from multiple low-dimensional
subspaces and y € R? be a data point from one of these
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subspaces. Subspace-preserving recovery is to find a repre-
sentation of y such that y = Ax and the nonzero entries of x
correspond to the columns of A lying in the same subspace as
y. Such a s representation x is dubbed subspace-preserving
[You and Vidal, 2015].

Many pioneering works [Elhamifar and Vidal, 2009; El-
hamifar and Vidal, 2010; Soltanolkotabi and Candés, 2012]
study the subspace-preserving recovery problem in the con-
text of subspace clustering. In [Elhamifar and Vidal, 2009;
Elhamifar and Vidal, 2010], the authors showed that Ba-
sis Pursuit (BP) algorithm is guaranteed to yield Subspace-
preserving representation (SPR) when the data subspaces
are independent and disjoint, respectively.  The work
[Soltanolkotabi and Candés, 2012] extends the theoretical
condition to the case when the subspaces of interest inter-
sect. In [You and Vidal, 2015], the authors identified two
sufficient geometric conditions for both BP and OMP (Or-
thogonal Matching Pursuit) to achieve subspace-preserving
recovery. Inspired by the nullspace property [Foucart and
Rauhut, 2013] in classical sparse recovery, Kaba et al. [Kaba
et al., 2021] derived the subspace nullspace property for
subspace-preserving recovery. To recover the clean sig-
nal from its attacked version and determine the attack type,
Thaker ef al. [Thaker et al., 2022] posed the problem as a
block-sparse recovery (BSR) and derived geometric condi-
tions for the success of BSR for the problem. More related
works can be found in [Dyer et al., 2013; You et al., 2016;
Wang and Xu, 2016; Tsakiris and Vidal, 2018; Wang et al.,
2019].

Although advancing our understanding, these prior works
on the subspace-preserving recovery theory are only con-
fined to single-view data and cannot be applied for multi-
view data, which are widespread in various applications such
as multimodal biometrics recognition [Shekhar et al., 2013;
Ren et al., 2022] and multi-view clustering [Abavisani and
Patel, 2018; Tang and Liu, 2022; Guo et al., 2022; Chen et
al., 2023].

1.2 Multi-view Subspace Classification and
Clustering

In many real-world applications, data is usually multi-view in
nature, such as a video containing both audio signals and vi-
sual frames and images of a 3D object captured in distinct
viewpoints. To exploit the consistent and complementary
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information among multiple views, various multi-view sub-
space clustering and multi-view subspace classification meth-
ods have been developed in recent years [Shekhar et al., 2013;
Wang et al., 2023]. For instance, Shekhar er al. [Shekhar
et al., 2013] developed a Joint Sparse Representation (JSR)
based multi-view subspace classification method for mul-
timodal biometrics recognition. Wang et al. [Wang et
al., 2023] proposed a multi-view sparse subspace cluster-
ing (MSSC) method based on JSR. More related works
can be found in the references [Bahrampour er al., 2015;
Zhang et al., 2017; Abavisani and Patel, 2018].

Despite their empirical success and superiority over single-
view methods, few theoretical results are reported to justify
their effectiveness. In this work, we introduce a new notion
dubbed Multi-view Subspace-Preserving Recovery, which
plays a central role in the success of multi-view subspace
clustering and classification methods. However, it is unclear
under what conditions these multi-view subspace clustering
and classification methods generate Multi-view Subspace-
Preserving Representation (MSPR). The goal of this work is
to fill this gap.

1.3 Paper Contributions
In this paper, we make the following contributions:

1. We derive a necessary and sufficient condition termed
as Atomic Recovery Property (ARP for short) for multi-
view subspace-preserving recovery. To the best of our
knowledge, this is the first work to address the multi-
view subspace-preserving recovery problem.

2. We provide a geometrically more interpretable charac-
terization of ARP by comparing the unit atomic norm
ball w.r.t. the atomic set of multi-view data points in a
cluster and that w.r.t. the atomic set of remaining multi-
view data points.

3. Based on the proposed ARP theory, we derive novel the-
oretical results for multi-view subspace clustering and
classification, respectively.

1.4 Paper Organization

The remainder of the paper is arranged as below. Section 2
introduces some background knowledge and formulates the
problem of multi-view subspace-preserving recovery. Sec-
tion 3 presents the main results along with the comparison
with other prior works. In Sections 4-5, we apply the pro-
posed theory for multi-view subspace clustering and classifi-
cation, respectively. Finally, Section 6 concludes.

2 Preliminaries and Problem Formulation

2.1 Notations

For better readability, scalars, vectors, matrices and sets are
represented with italic letters (e.g., =), boldface lowercase
letters (e.g., x), boldface capital letters (e.g., X) and calli-
graphic capital letters (e.g., X), respectively. Denote by [NV]
the set of integers from 1 to N. For any vector x € RY,
supp(x) denotes its support set, i.e., supp(x) = {7 : x; # 0}.
Analogously, for any matrix X € RV*V rowsupp(X) de-
notes its row support set, i.e., the index set of nonzero rows
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Notation Description

T, X, X, X scalar, vector, matrix, set

N number of samples

[N] set of integers from 1 to N

\%4 number of views

K number of classes

dy data dimension of the v-th view

8P Cc R% the k-th subspace in the v-th view
S (St v e [V]}

AV € R%*N | data matrix of the v-th view

AY set of columns of A” and —A"

A {AY,Yv € [V]}

T, C [N] index set of samples in the k-th class
Z_; C [N] index set of samples out of the k-th class

Table 1: Key notations used in this paper.

of X. Denote X(4,:) and X(:,7) as the i-th row and j-th
column of X, respectively. The ¢; 2 norm of X is defined
as | X|12 = Zf\il |IX(7,:)|l2- To distinguish multi-view
data from single-view data, a dot is added on the above of the
variable (e.g., A). Table 1 summarizes the key notations and
acronyms used in this paper.

2.2 Single-view Subspace-Preserving Recovery

Let A = [a;, - ,ay] € R denote a matrix with
nonzero columns collected from a union of K subspaces
Uszl S, where each subspace corresponds to one class.
Given any new nonzero point y € Sy for some k, subspace-
preserving recovery aims to find a representation ¢ € RY of
y such that (1) y = Ac, and (2) the nonzero entries of ¢ only
correspond to the columns of A lying in the same subspace as
y. Such a representation c is dubbed a subspace-preserving
representation (SPR) [You and Vidal, 2015], which are for-
mally defined as follows.

Definition 1. (Subspace-Preserving Representation, SPR)
[You and Vidal, 2015] Given'y € Sy, a solutionctoy = Ac
is said to be a subspace-preserving representation (SPR) of y
if and only if supp(c) C Zj.

Due to the promising performance and theoretical guaran-
tee, sparse representation based subspace classification and
clustering methods [Wright ef al., 2009; Elhamifar and Vi-
dal, 2013] have attracted massive interest in recent years.
Their success also motivate a plenty of theoretical works
[You and Vidal, 2015; You et al., 2016; Wang and Xu, 2016;
Kaba er al., 2021] to study conditions for sparse representa-
tion algorithms such as BP and OMP to give SPR solutions.

2.3 Multi-view Subspace-Preserving Recovery

Now we consider the setting of multi-view data. Assume
that there are V' views and K classes in total. For each
view v € [V], let A = [a%,--- a%] € R%*N denote
a matrix with nonzero columns collected from a union of
K subspaces UkK:1 Sp where d, is the v-th view data di-
mension. For simplicity, let A = {A", Vv € [V]}. Let T,
and Z_j denote the index sets of samples in and out the k-
th class. Let A} and AY, denote the sub-matrices of A"
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containing and excluding samples from the subspace S}, for
k € [K] and v € [V], respectively. For each class k € [K],
let Ay = {A}, Vo e [V]}, A, = {AY,, Vv € [V]}, and
Sk = {Sp,Yv € [V]}. For simplicity, we say y € Sy, if
y? € 8¢ holds for each view v € [V].

To leverage the correlation among multiple views,
[Shekhar ef al., 2013] tackles the multi-view subspace classi-
fication by solving the joint sparse optimization program

i [Clha, st ¥’ = ATC(v), Vo e V], (1)
where [|Cl[12 = D1, [|C(4,:)||2 encourages the represen-
tation vector in different views to share the same sparsity pat-
tern. To understand the correctness of this approach, we first
propose the Multi-view SPR and consider the following the-
oretical questions.

Definition 2. (Multi-view Subspace-Preserving Representa-
tion, MSPR) Given a multi-view sample y € Si, a repre-
sentation matrix C satisfying y* = AYC(:,v), Yv € [V]is
said to be a Multi-view Subspace-Preserving Representation
(MSPR) of y if and only if rowsupp(C) C Zj.
1. What are the theoretical conditions under which the so-
lution to the model (1) is a MSPR?

2. Is there any geometric interpretable characterization of
theoretical conditions for (1) to produce MSPR?

3. How to apply the theoretical results on MSPR for multi-
view subspace clustering and classification?

3 Main Results

In this section, we aim to provide answers to the questions
concerning MSPR in Section 2. Before showing the main
results, we first introduce the definition of atomic norm and
extend it for multi-view data.

3.1 Multi-view Atomic Norm

Let A be an origin-symmetric (i.e., a € A if and only if (iff)
—a € A) set. The definition of atomic norm is introduced as
follows.

Definition 3. [Chandrasekaran et al., 2012] Given the

atomic set A, the atomic norm of x with respect to A is de-
fined as

Ix||4:=inf{t >0:x €t-conv(A)},
where conv(A) is the convex hull of the set A.

If the atomic set A is centrally symmetric about the origin,
the gauge function || - || 4 is a norm [Chandrasekaran et al.,
2012]. In this case, we have

= 1 f a - = a . 2

acA

Many popular norms such as the ¢; norm and matrix nu-
clear norm are special cases of atomic norm with appropriate
choice of the atomic set [Chandrasekaran et al., 2012]. The
dual norm of || - || 4 is defined by

[l := sup {(x,a),a € A},
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where (x,a) = tr(xTa) and tr(-) represents the trace of a
matrix. Now we generalize the atomic norm to the multi-view
setting.

Definition 4. Given the multi-view atomic set A = {A*}Y_,,
the Multi-view Atomic Norm (MAN) of the multi-view data

% = {x"}V_, with respect to A is defined as

%l 4 = inf § > flealla:x" = Y calv)a’,v e [V]

acA avcAv
Remark 1. Note that when V. = 1, the multi-view atomic
norm reduces to the atomic norm in Definition 3.

3.2 Atomic Recovery Property

Before showing the theoretical results, we first introduce
some useful lemmas.

Lemma 1. IfAl C As,

M4, = 1%l 4,

Proof. For any t > 0 such that y € t - conv(A;), we have
y € t-conv(Asy). So

{t (yEt- conv(/h)} C {t (yEt- conv(/lg)} .
Recalling the definition of MAN gives ||y 4, > Iyl 4,- O

Recall that A} is the submatrix of A" including samples
from the k-th subspace S} of the v-th view and A” is the
submatrix of A" by excluding the samples in . Let Aj]
and A", denote the set of columns of A} and £A”,, re-

spectively. We can define the multi-view atomic sets A;, =

{AV}Y_ and A_; = {A”,}V_,. Then we have the follow-
ing results to characterize the relationship among the three
multi-view atomic norms, i.e., || - || 4 || - [| 4, and [| - | 4_, -

Lemma 2. For any optimal solution C* to the model (1), let
Y& and y_y, are defined such that y; = A} C*(Iy,:) and
vy, =AY, C*(I_y,:) forv=1,---,V. Then we have

1514 = I3klla, +17-lla, - 3)

Proof. On the one hand, since /lk, /Lk c Aand by Lemma
1, there holds

¥4 < W9ella+ 15 —rlla < 1¥ella, +15-xla, @

On the other hand, according to the definition of the Multi-
view Atomic Norm (MAN) we have

1yell 4, < NC (T )2 5)
1V-klli, SNC Tkl - (6)
It follows that
1Vl 4, +11¥=rlla_,

<NC Ty 2 +IC Tk )l 2 (7
= ||C*H1,2 = HYHA
Combining (4) and (7) completes the proof. O
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Now we give the definition of ARP for the multi-view data
A, which is beneficial for producing MSPR.
Definition 5. (Atomic Recovery Property, ARP) The multi-

view data A is said to satisfy the Atomic Recovery Property
(ARP) iffor all k € [K] and y € S\ {0}, we have

1304, <904, ®)
Remark 2. The ARP means that it is more concise in terms
of the atomic norm to represent any nonzero sample y in Sy,
by using Ay, than A_y,.
With the definitions above, we have the following result.

Theorem 1. The solution to (1) is a MSPR for all k € [K|
andy € Sp\{0} if and only if A satisfies the ARP.

Proof. First, we prove that any solution C* = C* (y, A) to

(1)is a MSPR forany k € [K]and y € S\ {0} if A satisfies
the ARP. That is, we aim to prove C*(Z_,:) = 0. Denote

r’ =y — AJC*(Zy,v) = A, C*(Z_k,v). (9
The second equality above uses the fact that y¥ = AVC*(:
,0) = AJC*(Zy,v) + A, C*(Z_g,v). The proof consists
of the following two steps

1) Step 1: If r* = 0, Vo € [V], C*(Z_,:) = 0.

2) Step 2: Prove r” = 0, Vv € [V] by contradiction.
Proof of Step 1: For any v € [V], since y” € Sy and
AYC*(Zy,v) € S, wehaver? € S} according to Eq. (9). If
r' =0,y" = AJC*(Zy,v) = Adr(C*(:,v)). Let Ax(C*)
be the matrix by arranging 65 (C*(:, v)) as its v-th column for

any v € [V]. Then A, (C*) is also feasible to the JSR model
(1). If A_,(C*) # 0, we have

A€, < T, -

This contradicts with the optimality of C* to (1). Thus
A_;(C*) = 0. So if we can prove r¥ = 0 for any v € [V],
the desired conclusion holds. Now we prove it by contradic-
tion.

Proof of Step 2: If i # 0, since A satisfies the ARP and
I € S, there holds
] 4, <l - (10)

For ease of simplicity, let y; = A}C*(Zy,v), Yv € [V].
Accordingly, y” =y} + ", Vv € [V]. It follows that

I¥0.4=lyk+ 1l 4
< [|¥x + 1[4, (By Lemma 1)
< |19kl 4, + 1] 4, (By triangle inequality)
<Ykl 4, + 1]l i_, (By the ARP property)
= ||yl 4. (By Lemma 2)
This is a contradiction.
preserving.

Conversely, if any solution C* to (1) is a MSPR for any
k € [K]and y € S, \{0}, we will prove A satisfies the ARP

Sor = 0 and C* is subspace-
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by contradiction. Assume that there exists some y violating
the ARP, i.e., ||¥]|.a, > ||¥|l.4_,- Consider the following two
optimization problems

C; = argmin ||Clj12 st. y' = A}C(:;,v), Vv € [V],

CERNkXV

D

C*, = argmin [|C|12 st y’' =AY, C(:,v), Vv € [V].
CeRN-£XV

(12)

By the hypothesis we know that C* is a MSPR and
rowsupp(C*) C Zj. So C*(Zy,:) is also an optimal solu-
tion to the problem (11). It follows that

1C 1.2 = 1C* (Zs, 2)]

=914, = 1914, = Ckll, -

1,2 = HC;;HLQ

Define a matrix C € RY*Y such that C(Zy,:) = 0 and
C(Z_k,:) = C*,. ThNen we have ||C|l12 < ||~C”;k||1_2 =
|IC*|l1,2 and y¥ = AYC(:,v), Vv € [V]. Thus C is feasible
to (1) and also an optimal solution to (1)~. However, accor@ing

to the definitions of C*; in (12) and C, we know that C is
not a MSPR. This contradicts with the hypothesis that any
solution to (1) is a MSPR. This completes the proof. O

Remark 3. Theorem 1 shows that ARP is a necessary and
sufficient condition for the model (1) to generate MSPR.

3.3 Geometric Characterization of ARP
The unit ball with respect to the atomic set A is defined as
By :=A{y:[lylla<1}
Theorem 2. The multi-view data A satisfies the ARP if and
only if for all k € [K], there holds

SpNB,  Crinte (B, ), (13)

where rinte (IB Ak) denotes the relative interior of B j, .

Proof. Firstly, we prove that A satisfies the ARP if Eq. (13)

holds for all k € [K]. Forall k € [K] and y € S;\{0},

define Z such that z¥ = ﬁ for v € [V]. It follows
—k

thatz € Sand |24 , = 1. Thus, 2z € S, NB,  C
rinte (BAk)' Accordingly, ||Z]| 4, < 1. Recall the defini-

tion of z, this is equivalent to < 1. This gives

¥
904, A
1914, < I¥ll4_,-

Conversely, we prove that if A satisfies the ARP, Eq. (13)
holds for all k& € [K]. Forany y € Sy, N By - I¥ll4 <

[¥1/4_, < 1. Therefore, wehavey € B , . O

For single-view data, we have the following result.

Corollary 1. The single-view data A satisfies the ARP if and
only if for all k € [K), there holds

Sk NB4_, Crinte(By,). (14)

Lemma 3. Let A be the set of columns of A and —A. We
have B4 = K(A).
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Proof. We first prove that B4 C C(A). Vy € B4, we have
lyl]4 = 1. According to Eq. (2), there exists {ca,a € A}
such thaty = > . 4caa,ca > 0and ), ca = 1. Thus,
y lies in the convex hull of +A and we have y € IC(A).
Then we prove K(A) C B4. Vy € K(A), there ex-
ists {dafaca (Aa > 0) such that y = > _, Aaa and
> acaa = 1. According to the definition of atomic norm
(2), there holds ||y||4 < landy € B 4. O

Corollary 2. The single-view data A satisfies the ARP if and
only if for all k € [K], there holds

Sk NK(A_g) C rinte (K(Ay)) . (15)

Here K(A) = conv(+A) denotes the symmetrized convex
hull of the columns of A and rinte ({C(Ay)) is the relative
interior of JC(A,). Therefore, Theorem 2 for single-view data
in the previous work [Kaba ef al., 2021] can be regarded as a
special case of our result in Theorem 2 when V' = 1.

Next, we derive another geometric characterization for
ARP based on the multi-view incoherence and multi-view cir-
cumradius, which are defined as follows.

Definition 6. (Multi-view Incoherence) The multi-view in-
coherence between two multi-view datasets P = {P”}L/=1

and Q = {Q”}XZ1 is defined as

123,78 (P, Q)
H{ (p”.q") } (16)
= max s
pePaeq || L [Pt ||2||q1||2 [PV l2lla" |2

. v . oV
where p = {p }v:1 and q = {q"},_;.
Remark 4. By substituting A_k and Sk into Eq. (16), we

have
s (A—kys.k)
1 \T v \T v
= max (A_k) ,(A_k) u )
ureSyNSdv—1 0,2
(17

where Stv—1

R . The multi-view incoherence 14 <A,k, Sk>

= {z e R% : ||z|ly = 1} is the unit sphere in
{ D
measures

how close the multi-view samples in other clusters from the
underlying subspaces corresponding to the k-th cluster.
Definition 7. (Multi view Ctrcumradius ) The multi-view cir-
cumradius of Ay, = {AY } _, is defined as

ar (Rr) = e s ol )
st | [(ap) Tt (A eY]| <

where 1 = {u”}:)/:l.
The multi-view circumradius R, (Ak) characterizes the

distribution of the samples of A} in the corresponding sub-
spaces Sy.
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Theorem 3. The multi-view data A satisfies the ARP if for
all k € [K), there holds

Y (A,,ﬁs'k) Ru (Ak) <1, k=1, K. (19

Proof. For any k € [K] and y € S;\{0}, we prove that
17114, < I¥ll4_, - The proof has the following two steps

D Step 1: (74, < (X0 Iv°ll2) Rar (Ad).

2) step 2: ¥4, > (U ly*lz) froar (Ao i)

We first consider the following two row-sparse optimiza-
tion problems

Cj, = argmin ||Clj12 st y' = AJC(;,v), Vv € [V],
CeRNkXV
(20
Cr,= argmin ||C|i2 st y"=AY,C(;,v), Yv e [V],
CeRV-£XV
(2D

Proof of Step 1: Since y¥ € S; = span(Aj) for each
v € [V], the problem (20) is feasible and the optimal solution
C; exists. The dual problem of (20) can be formulated as

\4

U = argmax Z
a={u}_; =1 (22)
(ah)” u,...,(Ag)TuV]H <L

For each view v € [V], decompose u}, into two orthogonal

, where u?’ll € S} and u} te

denotes the orthogonal complement of Sp

s.t.

com v _ 0l v, L
ponents u, =u,” +u,
Sz’J‘. Here S,Z’J‘
in R% . Then we have (A%)T u) = (AZ)T
[V]. Tt follows that

| [aD ui

uZ’H for any v €

’ (AZ)TUZ,H] Hoo 2

(23)

= [k,
The second equality above uses the fact that ukl is orthogonal
to S = span(AY). Let i = { ’H}U - Since ul e sy,
Vv € [V], there holds 1'1‘]1 € Si. According to the definition
of Ry (Ak) in Eq. (18), we have

(AX)T ukv:| HOO,Q S L

”"'H <Ry (A 24
5161?‘3(]“11’“ 2~ M( k) (24)

By the strong duality of (20) and (22) and noting y* € S7,

there holds
Z <uk’|\7y >

14
HCZHLz = Z up,y
v=1 v=1 (25)

<(3w H2) i .

Combining Eq. (24) and Eq. (25) gives ||y 4, = [[Cy [, 5 <
(V0 1y?ll2) Rar (As)-
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Proof of Step 2: If the problem (21) is not feasible,
H}"”A_k = ||C*,kH1 , = 00 and the desired conclusion

holds. Otherwise, since C*  is feasible to (21), we can write
yv = Azkc*—k(:aUL Vv € [V]

Multiplying both sides of the above equation on the left by
()" /lly?ll2. we have

Iy“lla = (") /Iy"[I2A%,C* 1. (:,0), Yo € [V].
It follows that

\% 1%
Slytlla =D ") /y I2AY ,C* 4 (5 v)
v=1 v=1
\% T yv
= Ai 770*7 LU
v_1<( W) Ty )>
1 1%
lar T Y av Tyyc*>
(@t g 4" | o
1 \%
<[lar)r > .. av)' Y }H Cc,
H{( ) ||y1||2 ( k) Hyv||2 oo,2H k”1,2

<punm (A—stk) HC*—kHLz'
(26)

Since y¥ # 0 and ||y”|l2 > 0, the equation (26) above indi-
cates that s (A,k,Sk) > (0 and

v
1¥lli, = HC*—kHLQ > Z ly“llo/nr (A—Imsk) - (27)
v=1
This finishes the proof of Step 2.
Combining Steps 1 and 2 and Eq. (19), we have ||y 4, <
71l 4_, - This completes the proof of the theorem. O

3.4 Comparison with Prior Works

To further clarify the novelty and contributions of the paper,
we compare our results with prior related works. Table 2
compares the important prior works and this work on SPR.
Note that most prior works are concerned with the single-view
data instead of multi-view data considered in this paper.

Comparison to [Soltanolkotabi and Candés, 2012]. In
[Soltanolkotabi and Candés, 2012], the authors shows that
the SR model Basis Pursuit (BP) can give SPR for a specific
point y in S, rather than all points in Sy, if

p(A—k, v (y,Ay)) <r(K(£Ay)), (28)
where the dual direction v(y, A}) of y is defined as

A(yv Ak)
A, Al

Here A(y, Ay) is called the dual point and defined as an op-
timal solution with minimum Euclidean norm to the problem

V(yv Ak) = Uk

Joax (y,A), st HA%)\HOO <1
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We can apply it to all samples in Sy and get the condition
w(A_g, V) <r(K(xAy)), (29)

where V := {v(y,Ag),Vy € Sy}. Although the condi-
tion above provides clear geometric insights for the success
of SSC, it is only a sufficient condition for SPR. In addition,
it only involves the single-view data.

Comparison to [ You and Vidal, 2015]. In [You and Vidal,
2015], the authors show that the sparse representation models
BP [Chen et al., 1998] and OMP [Pati et al., 1993] can yield
subspace-preserving representation (SPR) under the follow-
ing principal recovery condition (PRC)

r(K(+Ax)) > 1 (Ak, R(Ar)) (30)

where 7 (KC (£ A},)) is defined as the radius of the largest ball
inscribed in IC (£Ay), which denotes the convex hull of the
symmetrized columns of Aj. Here R(A}) denotes the range
of Ay, i.e., the linear span of columns of Ag. The incoher-
ence p (A_i, R(Ay)) is defined as

p Ay, R(AR)) = AT 2| /llz]>-

max
2€R(A)\{0}
While the authors developed the dual recovery condition
(DRC) to relax PRC, both DRC and PRC are only sufficient
conditions and are confined to single-view data.

Comparison to [Kaba et al., 2021]. In [Kaba et al., 20211,
the authors also considers the SPR problem and derives a
necessary and sufficient condition termed subspace nullspace
property (SNSP) for SPR. Specifically, the SNSP is defined
as follows.

Definition 8. Let P := {P;}, be a partition of the index
set {1,--- N} and Null(A) be the nullspace of A. Denote
a subset of Null(A) w.r.t. (with respect to) P by

Null(A, P) := {n € Null(A) : Supp(A) € P, VP € P}.

The dictionary matrix A satisfies the SNSP if and only if for
any 1 € Null(A,P) and P € P, there holds

min  ||z[[1 < [[9pe|l1, @31

z:Apz=Apnp
where P¢ denotes the complement set of P.

Compared with SNSP, the proposed ARP in Definition 5
is more concise and intuitive. Furthermore, the work [Kaba
et al., 2021] is restricted to single-view data and cannot be
applied for multi-view data. In comparison, our results can
apply to both single-view and multi-view data.

Comparison to [Thaker et al., 2022]. The work [Thaker
et al., 2022] considers the problem of reverse engineering ad-
versarial attacks and poses it as a block sparse recovery (BSR)
problem. There are several key differences between our work
and the work [Thaker et al., 2022]. Firstly, our theory is de-
vised for multi-view data while [Thaker et al., 2022] is for
single-view data, which can not be directly applied for multi-
view data. Secondly, the main results in Theorem 1 and 2
in our paper is both necessary and sufficient condition for
multi-view subspace-preserving recovery while the core re-
sults in [Thaker et al., 2022] are only sufficient for single-
view subspace-preserving recovery. Thirdly, the results in
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| References | Year | Task | Model [ Sufficient | Necessary | Multi-view
[Soltanolkotabi and Candés, 2012] | 2012 Clustering BP v X X
[Dyer et al., 2013] 2013 | Clustering OMP v X X
[You and Vidal, 2015] 2015 Recovery BP&OMP v X X
[You et al., 2016] 2016 Clustering OMP v X X
[Wang et al., 2019] 2019 | Classification AR v X X
[Kaba er al., 2021] 2021 Recovery BP v v X
[Thaker et al., 2022] 2022 Recovery BSP Ve X X
This paper 2024 Recovery JSR v v v

Table 2: Comparison of different related works. Here “Sufficient” and “Necessary” mean whether the theoretical conditions in the corre-

sponding works are sufficient and necessary, respectively.

[Thaker et al., 2022] requires the data labels in advance while
our results do not depend on such supervised information.

Based on the analysis above, we can draw the conclusion
that our theoretical results for MSPR are novel and meaning-
ful compared to prior works.

4 Application to Multi-view Subspace
Clustering

Consider the Multi-view Sparse Subspace Clustering
(MSSC) model [Wang et al., 2023]
min ||C;ll1,2, st x; =X"C;(:,v),
omin [ICils Goh
Cl(l, S) = O, v E [V],

where C; (i, :) is the i-th row of the matrix C;. Let C be the
optimal solution of (32) forz = 1,--- , N. We first construct
the common representation matrix C* € RY*¥ such that

C* () = [IC; (L) g, ICT (V)] 33)

for i = 1,--- ,N. Then we construct the affinity matrix
W = |C*| + |(C*)T’. Finally, we apply the spectral cluster-
ing algorithm to the affinity matrix and obtain the final clus-
tering results. A desirable affinity matrix W should satisfy
the following subspace-preserving property: W;; # 0 only if
the ¢-th sample and the j-th sample are from the same cluster.
Theorem 4. The affinity matrix W generated by the MSSC
model (32) satisfies the subspace-preserving property if and
only if the leave-one-out multi-view data X\x7 satisfies the

ARP fori=1,--- ,N.

Proof. Assume that X\x, satisfies the ARP. According to
Theorem 1, for each sample {x?}Y_,, the representation ma-
trix C is a MSPR, i.e., supprow(C}) C Zy. It follows from
Eq. (33) that each column C*(:,¢) of C* is also subspace
preserving, i.e., C*(j,7) # 0 only if x} and x are from the
same subspace for each view. According to the construction
of the affinity matrix W, W;; # 0 only if 4-th sample and the
7-th sample are from the same cluster. Thus, W satisfies the
subspace-preserving property and completes the proof. O

S Application to Multi-view Subspace
Classification

Given any new multi-view test sample y € Sy, \{0}, the MSC
(Multi-view Subspace Classification) method [Shekhar et al.,
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2013] first computes the representation matrix of y using the
following JSR model

in_ ||Cll12, st y' =D'C(;,0), Yve[V], (34
cluin  [ICllz, sty (50), Yo e [V], (34

where D denotes the multi-view training data. Then for each
class the reconstruction residual is calculated as

v
re(¥) =Y _Iy* = D6k(C(:;,v))ll2, k=1,-+- , K (35)
v=1

where 6;(C(:,v)) € RY denotes the vector containing the
entries associated with the k-th class and changing the re-
maining entries as zeros.

Theorem 5. MSC is guaranteed to succeed to classify any
new multi-view test sample 'y € Si\{0} for any class k if the
multi-view training data D satisfy the ARP property.

Proof. According to Theorem 1, the representation matrix
C* of the test sample y € S;\{0} is a MSPR, i.e., C*(Z_y,:
) = 0. It follows that

vy’ =D"C(;,v) = D0, (C(:,v)), Yv € [V].

According to Eq. (35), the reconstruction residual of each

class is 7(y) = v, |ly" — DU0x(C(;,v))l2 = 0, and
. \4 v v Vv v

ri(y) =2 =1 I¥" = D6 (C(0)ll2 = > gy [y°ll2, 1 #

k. Since 71 (y) < mingx, r(¥), the test sample is assigned

to the correct class k. O

6 Conclusions

This paper studies the multi-view subspace-preserving recov-
ery theory, which plays a critical role for multi-view sub-
space clustering and classification. We first generalize the
atomic norm to multi-view data and define the Multi-view
Atomic Norm (MAN). Based on MAN, we derived a neces-
sary and sufficient condition dubbed ARP (Atomic Recovery
Property) for the JSR model to produce MSPR. To the best
of our knowledge, ARP is the first necessary and sufficient
theoretical condition for multi-view subspace-preserving re-
covery. The results reveal important geometric sights and
provide theoretical justification for the success of multi-view
subspace clustering and classification.
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