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Abstract

We present an A*-based algorithm to compute poli-
cies for finite-horizon Dec-POMDPs. Our goal is to
sacrifice optimality in favor of scalability for larger
horizons. The main ingredients of our approach
are (1) using clustered sliding window memory,
(2) pruning the A* search tree, and (3) using novel
A* heuristics. Our experiments show competitive
performance to the state-of-the-art. Moreover, for
multiple benchmarks, we achieve superior perfor-
mance. In addition, we provide an A* algorithm
that finds upper bounds for the optimum, tailored
towards problems with long horizons. The main in-
gredient is a new heuristic that periodically reveals
the state, thereby limiting the number of reachable
beliefs. Our experiments demonstrate the efficacy
and scalability of the approach.

1 Introduction

Decentralized partially observable Markov decision pro-
cesses (Dec-POMDPs) formalize multi-agent decision-
making under stochastic dynamics and partial observabil-
ity. They are, for instance, suitable to model bandwidth
allocation [Hemmati et al., 2015] and maintenance prob-
lems [Bhustali and Andriotis, 2023]. The decision problem
underlying solving Dec-POMDPs exactly or e-optimally is
NEXP-hard [Bernstein et al., 2002; Rabinovich et al., 2003].
This paper explores a model-based approach for approximate
solving of finite-horizon Dec-POMDPs. Concretely, our ap-
proach finds policies that obtain a high value on a given Dec-
POMDP and bounds on the value achieved by an optimal
policy. The proximity between the achieved values and the
bounds shows that the policies empirically perform very well.

Small-step MAA*. A prominent line of work for solving
Dec-POMDPs for finite horizons builds upon multi-agent A*
(MAA*) [Szer et al., 2005]. The crux of these algorithms is to
search through the space of all joint policies in a search space
where we incrementally fix the decisions of individual agents.
To alleviate a doubly-exponential out-degree with growing
horizons, small-step MAA* [Koops et al., 2023] makes these
decisions for every observation history sequentially, yielding
very deep search trees that have a limited out-degree. How-
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ever, so far, MAA* is used to compute exact solutions by it-
eratively refining the upper bound provided by an admissi-
ble heuristic. In this paper, we show that MAA™ provides a
competitive foundation for algorithms that find good but not
necessarily optimal policies. Likewise, MAA* is also a solid
foundation for computing non-trivial (and potentially tight)
upper bounds. The result is an algorithm that scales to much
higher horizons than (exact) MAA*-based algorithms. Be-
low, we briefly give our perspective on both lower and upper
bounds before outlining the main fechnical ingredients (TIs).

Lower bounds by finding policies. To find good policies
fast, we limit the space of policies by considering policies that
are independent of old observations (TI1) and we limit the
number of partial policies that we may explore at any level of
the A* search tree (TI2). Since we already limit the number
of policies expanded, it is not essential to use a tight heuristic
for this. We show that MAA* can also find good policies fast,
using heuristics that are generally not tight (TI3).

Proving upper bounds. When using MAA* with any ad-
missible heuristic, the highest heuristic value is an upper
bound for the optimal value. However, the only heuristic
that scales to the horizons for which we find lower bounds is
®@wmpp, Which treats the Dec-POMDP as a fully-observable,
centralized MDP. Other, tighter heuristics cannot handle the
horizons we are interested in. In this paper, we introduce
novel heuristics (TI4) which are less tight but more scalable
than the heuristics previously used for solving Dec-POMDPs.

Technical ingredient 1: Clustering with sliding-window
memory. A major challenge in finding good policies for
large horizons is the fact that the optimal policy may be ex-
ponentially large. Lossless incremental clustering [Oliehoek
et al., 2009] helps to determine that an optimal policy may,
w.l.o.g., take the same decision based on different observation
histories. However, even with clustering, computing a pol-
icy generally requires determining an action for exponentially
many different observation histories. In this work, we con-
sider clustering for a specific subclass of policies. In particu-
lar, we consider sliding window policies that only depend on
the most recent k observations, which empirically are often
the most relevant observations. We develop a lossless clus-
tering for sliding window memory, which clusters these win-
dows with no additional loss of optimal policy value, com-
pared to using sliding window memory.
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Technical ingredient 2: Pruning the queue. A*-based al-
gorithms explore partial policies in order of the heuristic
value. Especially if the heuristic is not tight, this may lead to a
breadth-first-like exploration of policies, effectively prevent-
ing exploring policies that are defined for longer horizons.
We therefore prevent considering partial policies by pruning
nodes in the search tree. We use a hard cap for every stage of
the search tree while ensuring that we do eventually expand a
complete (i.e., non-partial) policy.

Technical ingredient 3: Loose heuristics. In any A*-
variant, policies are analysed in the order suggested by the
heuristic. A good heuristic is thus one which leads early on
to a policy with a high value. While tight heuristics do ensure
this property, also loose heuristics can have a similar property.
Empirically, it is often near-optimal to greedily optimize for
the next few steps. Concretely, our heuristic considers only
the next few time steps using a Dec-POMDP. The potential re-
ward after these few steps is estimated using an MDP or even
by assuming that the maximal reward is constantly achieved.

Technical ingredient 4: Scalable and tight heuristics for
upper bounds. To prove upper bounds on the optimal
value, we need tight admissible heuristics. Common heuris-
tics relax the restrictions of a decentralized, partially observ-
able setting and assume the problem to be centralized and/or
fully observable. However, full state-observability yields a
heuristic that is not sufficiently tight, and relaxing the setting
to a (centralized) POMDP does not avoid expensive computa-
tions as it requires considering exponentially many beliefs in
the horizon. Inspired by the idea of only sharing information
after some delay, we present an admissible heuristic that peri-
odically reveals state information. This yields a trade-off be-
tween the horizons over which one must reason about partial
information and the tightness of the heuristic. The heuristic
can be computed on all benchmarks we selected.

Contributions. To summarize, our technical advancements
on clustering, heuristics, and pruning outlined above together
yield a pair of algorithms that find good policies as well as up-
per bounds for Dec-POMDPs for horizons more than an order
of magnitude larger than for which exact Dec-POMDP solv-
ing is possible. In particular, for the BOXPUSHING bench-
mark with horizons up to 100, we find policies with values
that are only 1% smaller than our upper bounds.'

1.1 Related Work

This work builds on a series of works on A* algorithms for
solving Dec-POMDPs, culminating in the exact algorithms
GMAA*-ICE [Oliehoek et al., 2013] and RS-MAA* [Koops
et al., 2023]. Using A* algorithms for approximate solving
of Dec-POMDPs has also been proposed previously. In par-
ticular, Oliehoek et al. [2008b] propose k-GMAA*, which in
each step only adds the & best children of each node as com-
puted using a Bayesian game. For better scalability, Emery-
Montemerlo et al. [2004] combine this (for ¥ = 1) with only
approximately solving the Bayesian games and lossy clus-
tering. Instead of only adding the k best children, our al-
gorithm adds all children and prunes them when necessary

!Supplementary material and source code are available at https://
arxiv.org/abs/2405.05662 and https://zenodo.org/records/11160648.
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(TI2). Therefore, our algorithm is able to use its resources to
search at points where it is less clear what is the best action to
choose. Finally, Szer et al. [2005] mention a heuristic where
the overestimate for future reward is weighted with some fac-
tor w < 1. This is not an admissible heuristic, but it results in
MAA* finding a (possibly suboptimal) policy faster.

Related work in the general A* literature includes
Cazenave [2010], which proposed an idea similar to small-
step MAA* in a general setting. Russell [1992] studies
Simplified Memory-Bounded A* (SMA™), which bounds the
memory required by A* until the first solution is found by
pruning policies with a low heuristic from the priority queue.

Early work on approximately solving Dec-POMDPs in-
cludes JESP [Nair et al., 2003], which computes a Nash equi-
librium, and DICEPS [Olichoek et al., 2008a] which uses the
cross-entropy method. Another line of work is on algorithms
that use dynamic programming (DP) [Hansen et al., 2004;
Seuken and Zilberstein, 2007; Carlin and Zilberstein, 2008;
Kumar and Zilberstein, 2009; Dibangoye et al., 2009; Am-
ato et al., 2009]. Although these DP algorithms are bottom-
up rather than top-down, they also use pruning to limit the
number of policies (per time step). In addition, they use tech-
niques reminiscent of clustering, to avoid spending too much
time on optimizing for unlikely observations.

The genetic algorithm GA-FSC [Eker and Akin, 2013]
searches through finite state controllers and finds the best
known policies on several benchmarks. The state-of-the-art
e-optimal algorithm FB-HSVI transforms the Dec-POMDP
into a continuous-state MDP [Dibangoye ef al., 2016] and
solves it using an adaption of heuristic search value iteration.

There is also significant work on model-free reinforce-
ment learning (RL) algorithms [Kraemer and Banerjee, 2016;
Bono et al., 2018; Dibangoye and Buffet, 2018; Mao et
al., 2020]. The model-based RL algorithm Team-Imitate-
Synchronize [Abdoo et al., 2022] learns a centralized team
policy, which is imitated by a decentralized policy and im-
proved using synchronization.

2 Problem Statement

We briefly recap Dec-POMDPs [Oliehoek and Amato, 2016]
following the notation of Koops er al. [2023]. In particular,
A(X) denotes the set of distributions over a finite set X.

Definition 1 (Dec-POMDP). A Dec-POMDP is a tuple
(D,S,A,O0,b,T,R,0) with a set D = {1,...,n} of n
agents, a finite set S of states, a set A = X, A; of joint
actions, and a set O = X, O; of joint observations, where
A; and O; are finite sets of local actions and local observa-
tions of agent i. The transition function T: § x A — A(S)
defines the transition probability Pr(s’ | s,a), b € A(S) is
the initial belief, R: S x A — R is the reward function, and
the observation function O: A x § — A(O) defines the ob-
servation probability Pr(o | a, s’).

A Dec-POMDP describes a system whose state changes
stochastically at every stage. The initial state is s° with prob-
ability b(s?). At each stage t, each agent i takes a local ac-
tion a!, resulting in a joint action a* = (al,...,a’) and a

reward r* = R(s!,a’). The next state is s'*! with proba-
bility Pr(st™t | st,a’). Finally, a joint observation o' is
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drawn with probability Pr(o’*! | a’, s'*1), and each agent i

receives their local observation o/ ™.

We write og vl = oY ...ot for the local observations of

agent ¢ between stage v and ¢. If the next local observation is
o € O, then 0[” 4 - o denotes the local observations between
stage v and ¢ + 1. We write 7; = ogl’t] for the local observa-
tion history (LOH) of agent i, and T = o' ... o' for the joint
observation history. We denote the set of all LOHs of agent 7
of length exactly ¢ and at most £ by O and Oig, respectively.

Agents can choose their action based on all their past ob-
servations, i.e. based on their LOH. A local policy for agent
¢ maps LOHs for that agent to a local action, formally:
Tt (’)?h Al A Jjoint policy is a tuple of local policies
7 = (7, ,7p), and II denotes the set of all joint policies.
We will often refer to a joint policy simply as a policy.

Given a policy 7, we define the value of executing this
policy in the initial belief b over a horizon h as:

sowbl7

where st and a? are the state and joint action at stage ¢. Fi-
nally, in all probabilities, we implicitly also condition on the
past policy and the initial belief.

The goal of the agents is to maximize the expected reward.
An optimal policy is a policy 7* € argmax, e Var (b, h).
The aim of this paper is to find a policy 7 with a high value,
as well as upper bounds for the optimal value.

h—1

Z R(s',a")

t=0

Ve(b,h) =Eg

Problem statement: Given a Dec-POMDP and a hori-
zon h, find a policy 7 and an upper bound U (b, h) s.t.

Valb,h) < maxVaw(bh) < Ubh),
e

and V. (b, h) and U (b, h) close to each other.

Sliding window memory. We search the space of sliding
k-window memory policies that depend only on the last k
observations. Windows that end at stage ¢ start at stage
¢, = max(t — k,0) + 1. A policy m; has sliding window

[eet] _ gleet] — ().

memory, if o, =0, implies 7; (O,El’t])

3 Clustering

Abstractly, our algorithm searches over policies that map
LOHs to actions. To limit the search space, we adopt clus-
tering [Oliehoek ef al., 20091, i.e., the idea that policies as-
sign the same action to LOHs that belong to the same cluster
of LOHs. Firstly, we introduce formally sliding k-window
memory. Then we introduce clustered sliding k-window
memory, which aims to merge existing clusters further with-
out inducing a loss in policy value.

Definition 2. A clustering is a partition C; ; of O} for each
stage 0 < t < h — 1 and each agent i € D.

Definition 3. The clustering for sliding k-window memory
consists of the partitions C; +, 0 < t < h—1, where

e = { {1 ot =1} [ ) opnce),

We identify the equivalence class (cluster) of all LOHs that

[Ztv ] [Zta ]

have suffix o; *" with exactly this suffix o,

Cluster policies. We now introduce cluster policies. Write
C;, = ?_01 C; for the set of agent i’s clusters. Let

C: Uep "y Ot Uiep Ci be the map that assigns an
LOH to its cluster. A local cluster policy for agent ¢ is a map
7rZC : C; — A;. The corresponding local policy 7; is defined
by 7;(1:) = 7 (C(7;)) for each LOH 7;. We denote the set
of all cluster policies 7€ = (7', ..., 7¢) by I1¢. The value
of a cluster policy 7€ is the value of the corresponding pol-
icy w = (my,...,m,), where each r; is the local policy corre-
sponding to 7. Note that a best cluster policy corresponding
to sliding k-window memory is not necessarily optimal.

3.1 Clustered Sliding Window Memory

We extend the so-called lossless clustering [Olichoek et al.,
2009] to sliding window memory. We require our clustering
to be incremental: if two LOHs are clustered, then their ex-
tensions by the same observation are also clustered together.

Definition 4. Let =c, , be the equivalence relation induced
by the partition C; ;. A clustering is incremental at stage t if
5£1’t]V0 €0;: (ogl’t] T (6[.”] -0)

?

(1,t] _
VOZ- :Ci,t
A clustering is incremental if it is incremental at each stage.

A clustering C" is coarser than C' if each partition C7 ; is
coarser than C} 4, i.e. if each cluster in C’ * is a union of clus-
ters in C; ;. We call C” finer than C'if C' is coarser than C”.

Definition 5. We call a clustering C' lossless with respect to
another clustering C, if C' is coarser than C and
max Vi (b, h) = max V;(b,h),
mell€

welc’

where 1€ and 11 denote the set of all cluster policies cor-
responding to C' and C, respectively.

We call a clustering lossless, if it is lossless with respect to
a trivial (i.e. no) clustering.

We define clustered Slldll’l% window memory recursively,
stage by stage. We write c_,~ for the tuple consisting of the
cluster of each agent except agent ¢ in stage ¢t — 1. We write
F (c;ll7 o #) for the resulting tuple of clusters of the other
agents that we get in stage t after applying sliding window
memory (Def. 3). Formally, these are the clusters in the finest
clustering which is incremental at stage ¢ — 1 and coarser than
sliding window memory clustering.

Definition 6. Two suffixes o[ o and 6?““ are belief-
[€1,t] ~[_£,

equivalent, written o; ~p Jifforallve{t,...,t},

Pr( F(c;ll,o;ﬁZ ’0£v’t]) = Pr( F(c;zl,()# ‘o[m )

For v = /,, this definition states that the joint belief over

the states and the clusters of the other agents is the same for

OV’ I and 0[[’ f . Using a result of Hansen e al. [2004] yields:

Lemma 1. If a clustering is incremental, coarser than slid-
ing k-window memory and finer than belief-equivalence, it is
lossless w.r.t. sliding k-window memory.
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Only demanding that these beliefs are equal for v = ¢; in
Def. 6 does not give an incremental clustering (we give an
example in the supplementary material). Instead, we need
that the beliefs are equal for all v € {£,,...,¢}. Intuitively,
this means that the belief is also the same for the two suffixes
when forgetting observations. Def. 6 alone is not sufficient
to establish incrementality of the clustering. However, when

ensuring that each cluster contains precisely the LOHs with

m,t . .
common suffix O,E ) , we can prove incrementality. We define

these clusters using the following equivalence relation:
Definition 7. Conszder suffixes o[et’] ~£€t’t]
mit] _ ~[m, 1

ét,t]

with largest
common suffix 0

[zt’] ~ Zt’t] , if for all o,
[lt e A[Zt ]‘

. They are equivalent, written

A[m, t] [m,t]

with 0; , we have

In this definition, we allow m > ¢, in which case the suffix
is empty, and we cluster all LOHs of agent 7 together.
We prove that ~ is indeed an equivalence relation in the

supplementary material. We write [oy“t]}

class of oy”’t]. With this in hand, we can define the clustering

corresponding to clustered sliding window memory.

for the equivalence

Definition 8. The clustering corresponding to clustered slid-
ing window memory with window size k consists of the sets

defined by C; ; = {[ngt,t]] ‘ Oyt,t] c O;nin{t,k}}

Under this notion of equivalence, identical extensions of
equivalent clusters are equivalent, which implies:

Lemma 2. Clustered sliding window memory is incremental.
Lemma 1 and 2 together imply:

Theorem 1. Clustered sliding window memory is lossless
with respect to sliding window memory.

Probability-based clustering. To further limit the number
of clusters, we can also cluster suffixes to a smaller common
suffix together if the probability corresponding to the smaller
common suffix is still smaller than some threshold py,ax. For-

mally, we consider two suffixes o[zt 1 oyt 1 with largest

common suffix 0[ motl £

if o[é' b Zt 4 or Pr( ) < Pmax, and define the clusters
to be the equlvalence classes of this equivalence relation.

I to be approximately equivalent

4 Small-Step Multi-Agent A*

Our algorithm searches for a policy by incrementally fixing
actions, for one clustered LOH at the time. Specifically, our
algorithm uses small-step MAA* [Koops et al., 2023], which
in turn builds on MAA* [Szer et al., 2005]. We present the al-
gorithm explicitly using clusters. Small-step MAA* explores
clusters in a fixed order: first by stage, then by agent, and then
according to a given order of the clusters.

Definition 9. Given a total order <; ; on C; 4 for t < h and
i € D, we define an order < on UieD Cibyc =< 6? iff

(t<t)or(t=t'ni<j)or(t=t'Ni=jAc =i, ).

We call this order the expansion order.
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In MAA* and its derivatives, we incrementally construct
policies. The intermediate policies are called partial. In par-
ticular, a local partial policy is a partial function ¢, : C; —
A;. A partial policy is a tuple ¢ = (p1,...,©n) such that
the local partial policies ; are defined on precisely the clus-
ters of agent ¢ among the first d clusters in the expansion order
for some d. Let ® be the set of all partial policies. The stage
(@) of p is u if  is defined on all clusters of length v — 1,
but not on all clusters of length u. A partial policy ¢’ extends
a partial policy ¢, written ¢ <g ', if ¢’ agrees with ¢ on
all clusters on which ¢ is defined, formally:

Y <Eg QO/ <— Vi e DV € CZQOZ(CZ) € {J_7<p;(cl)},

where ©;(c;) = L if ¢;(c;) is not defined. The exten-
sions of  are the fully specified cluster policies extending ¢,
E(p) = {m € 119 | ¢ <g w“}. Using this, we can define
the small-step search tree:

Definition 10. The small-step search tree for a Dec-POMDP
is a tree whose nodes are the partial policies, the root node
is the empty policy, and the children of a partial policy ¢ are
exactly the partial policies @' such that (1) ¢ <g ¢’ and
(2) ' is defined on one additional LOH compared to .

Small-step MAA* applies A* to the small-step search tree.
A* expands nodes in a search tree guided by a heuristic
Q: ® — R [Russell and Norvig, 2020]. The A* algorithm
keeps a priority queue of open nodes, and in each step, it
expands the open node with the highest heuristic value by
adding all children of that node to the queue. The algorithm
terminates once a leaf is selected as node with the highest
heuristic value. The algorithm finds a best clustered policy

¢ if the heuristic is admissible, i.e. an upper bound:

Q(SO) 2 MaXxCeR(p) Vﬂ'c(b7 h)a

and matches the value for fully specified policies 7€, i.e.
Q(7C) = Ve (b, h) for fully specified policies 7€

The algorithm is exact if in addition the clustering is loss-
less, i.e. maxqer Vi (b, h) = maxcre Va (b, h).

5 Policy-Finding Multi-Agent A*

In MAA*, to find the optimal policy, one must expand all
nodes in the queue whose heuristic value exceeds the value
of the optimal policy. As a result, heuristics should be as
tight as possible to limit the number of nodes expanded.
With policy-finding multi-agent A* (PF-MAA*), we aim to
find good policies fast. PF-MAA* applies small-step MAA*
with clustered sliding window memory. To ensure timely ter-
mination, we limit the number of policies expanded by prun-
ing the priority queue. Furthermore, it is not essential that
the A*-heuristics for policy finding are tight. In this context,
a useful heuristic is a heuristic that overestimates the value
of good policies more than the value of bad policies, thereby
steering the algorithm towards the good policies. To allow
covering a larger fragment of the search space within a given
time limit, the heuristics should also be easy to compute.

Finding good policies using A*. In PF-MAA*, we prune
the priority queue to find a good policy faster. In particular,
we limit the number of policies expanded to h - L for some L,
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while guaranteeing that we find a fully specified policy. To
do this, we define a progress measure prog, and prune poli-
cies with a low progress. That is, let N denote the number
of policies already expanded. We expand partial policy ¢ if
prog(yp) > N and prune it otherwise.

Our progress measure prog satisfies two design goals.
First, it limits the number of policies expanded up to each
level in the search tree, to ensure that the queue always con-
tains a policy which is not pruned. This implies that we
find a fully specified policy. Second, it should prune the
least promising partial policies. For this, note that admissible
heuristics are more optimistic for partial policies for which
fewer actions (or actions for clusters with lower probability)
have been specified. Hence, a deep policy with some heuris-
tic value is more likely to have a good policy as descendant
than a shallow policy with the same heuristic value. Hence,
prog should increase with the number of actions specified and
the probability of the clusters for which an action is specified.

These design goals lead to the following progress mea-
sure. Consider that ¢ has specified an action for all clusters
of length o(¢) — 1, for i out of n agents, and for ¢ out of
|Cit1,0(4)| clusters of agent 7 + 1. Let p be the probability
that the LOH of agent ¢ + 1 is in one of the first ¢ clusters.
Then we define the progress of ¢ as

pros(e) =o)Lt i- & et p (& = [Curnoio)

We assume that L > n|C; | forallt < handalli € D. Inthe
supplementary material, we show that this progress measure
indeed ensures that PF-MAA™ finds a fully specified policy
within h - L policy expansions, and give further intuition.

Maximum reward heuristic. We use the following sim-
ple maximum reward heuristic Qmaxr» (@), where r > o(¢).
This heuristic computes a Dec-POMDP heuristic for ¢ with
horizon r, and upper bounds the reward over the remaining
h — r stages by the maximum reward (over all state-action
pairs) per stage. Although this heuristic is clearly not tight in
general, it is still useful when finding lower bounds: search
guided by this heuristic is essentially a local search, choosing
policies yielding good reward over the next r — o(¢) stages.

Terminal reward MDP heuristic. To take into account the
effect of actions on later stages to some extent, we can also
use the terminal reward MDP heuristic Qumpp (), Where
r > o(¢). This is a Dec-POMDP heuristic for ¢ with hori-
zon 7 for a Dec-POMDP with terminal rewards, where these
terminal rewards represent the MDP value for the remaining
h — r stages. Formally, if Qmpp(s, ') is the optimal value
of the corresponding MDP with initial state s and horizon
I, then the terminal reward corresponding to a joint belief b
computed from the joint observation history at stage r is

> ses b(s) - Quop (s, h —1). 1)

We then take the weighted average over all joint beliefs to
compute the terminal reward.

Horizon reduction. Heuristic values are computed recur-
sively, similarly to the small-step MAA™ implementation RS-
MAA*. To avoid having to compute heuristics for large hori-
zons, PF-MAA* first applies a horizon reduction, reducing
the computation of a heuristic for a horizon A’ Dec-POMDP
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to a computation for horizon r Dec-POMDP with terminal
rewards representing the remaining h’ — r stages. For PF-
MAAF*, this terminal reward is an MDP value or just A’ — r
times the maximal reward, as explained above.

6 Terminal Reward Multi-Agent A*

Among the heuristics used so far in the literature, only the
MDP heuristic [Littman et al., 1995] can be computed effec-
tively for large horizons. This heuristic reveals the state to the
agents in each step, and thereby overapproximates the value
of a belief node drastically. The POMDP heuristic [Szer et
al., 2005; Roth et al., 2005] is tighter as it assumes that each
agent receives the full joint observation, but the state infor-
mation is not revealed. The recursive heuristics considered by
Koops et al. [2023] reveal the joint observation only once dur-
ing planning. Both heuristics are too expensive to compute
for large horizons on a variety of benchmarks (as remarked
by Oliehoek et al. [2013] for the POMDP heuristic).

We propose a computationally more tractable alternative
that periodically reveals the state. This leads to a new fam-
ily of admissible heuristics, which we call terminal reward
heuristics, which are empirically tighter than the POMDP
heuristic, but computationally cheaper. Applying small-step
MAA™ with lossless clustering and this heuristic yields ter-
minal reward multi-agent A* (TR-MAA*). With TR-MAA*,
we aim to find a tight upper bound for the value of an optimal
policy, which is also scalable.

Generalized policies. To define the heuristics, we intro-
duce a more general type of policy. Formally, a general-
ized local policy T;: (O x S)<'=1 — A; maps histories
of states and joint observations to a local action. A gener-
alized (joint) policy is a tuple (m1,...,m,) of generalized
local policiesz. Let I, denote the set of all generalized
policies. As before, a generalized policy 7 extends a par-
tial policy ¢, denoted by ¢ <pg m, if 7; ignores the state
information and agrees with ¢; on all OHs corresponding to
an LOH for which ¢; specifies the action. Formally, ¢ <g 7
iff Vi € DY(T,8) € (O x S)Sh=1 oi(r;) € { L, mi(T, 8)}.
Let Egen(p) = {7 € Igen | ¢ <p 7} be the set of general-
ized extensions of a partial policy  agreeing with ¢.

Terminal reward heuristic. We write the Dec-POMDP
optimization problem over generalized policies as
max Vi (b, h)

7 €llgen
subjectto 7, =7; implies w; (7,8) =m; (T,8)
forall (i,7,7,s,8) € Z, with 2)
h—1
7= J{Gr7s8)licD 170" s5e8}.
v=0

Using Z, we quantify over all agents and pairs of traces. The
condition 7; = 7; selects the pairs that agent 4 cannot distin-
guish. On these pairs, the agent has to take the same action.
To compute a heuristic Q(¢), instead of maximizing over

YIncluding past observations states seems unnecessary for poli-
cies that have access to the current state, however, we will add con-
straints that the policy cannot depend on the most recent state.
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Figure 1: Revealing the state for a joint belief b at stage r over three
states s1, S2, s3. On the left the state is revealed at stage r, on the
right it is revealed at stage r 4 1. In the latter case, the three policies
are forced to take same action in stage 0.

h—r

IIgen in Eq. (2), we maximize over the generalized extensions
Egen () of . Moreover, we relax some of these constraints,
i.e. we only consider a subset Z' C 7 of the constraints. De-
note the corresponding heuristic by Q7 (). Since relaxing
constraints can only increase the maximum, we get:

Theorem 2. Q7 is admissible for all T' C T.

It remains to explain which constraints to relax to obtain
a heuristic which is easier to compute. This is illustrated in
Figure 1 on the left. We propose to relax, what we call, late
constraints, i.e., we allow policies to depend on the rth state
from some stage r onwards. We can then split the original
problem with horizon h as a Dec-POMDP with horizon r<h
and a terminal reward representing the remaining h—r stages.
The terminal reward is a Dec-POMDP value, with horizon
h — r and the revealed state as initial belief. This is simi-
lar to Eq. (1), but using Dec-POMDP values instead of MDP
values. Since we reveal the state, the agents can use more
information to decide which actions they take. This therefore
gives an upper bound. Choosing a larger r typically yields a
tighter, but more expensive heuristic.

Revealing the state at stage » + 1. We now explain how
to compute a tighter variant of this heuristic, where we allow
policies to depend on the rth joint belief from stage r on-
wards and on the rth state from stage r + 1 onwards. This is
illustrated in Figure 1 on the right. We consider this problem
as a Dec-POMDP with horizon 7 and a terminal reward de-
pending on the joint belief. Since we reveal the joint belief
b in stage r, we can compute each of these terminal rewards
separately. We compute for each state s and each joint action
a, a heuristic Q(s, a, h—r) for the Dec-POMDP with horizon
h — r where the initial state is s and the agents take action a
in stage 0. To model that the state information cannot be used
in stage 0, we now compute

maXacA Y .cs b(s) Q(s,a,h—r) 3)

as a heuristic for the terminal reward corresponding to the
joint belief b revealed in stage r. Taking the maximum over
the actions outside of the weighted sum in Eq. (3) ensures that
the same action is taken in stage 0, i.e. that the state informa-
tion is not used in stage O (which is stage r of the original
Dec-POMDP). In practice, since computing Q(s,a,h — r)
is relatively expensive, we first compute an MDP heuristic
for the Dec-POMDP with horizon h — r, and only compute
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comparison fast results high-quality results

heur. &k L heurr,. k£ L heur. k L
Qwor 2 1000 || Qwop,y 1 20 || Qmop2 2 1000
Qwop 3 10000 || Qmop,1 2 100 | Quop2 3 10000
QMDP,l 3 100 Qmaxr73 3 10000

Table 1: Hyperparameters for PF-MAA*.

Q(s,a, h—r) for the actions a € A which based on the MDP
values can possibly attain the maximum in Eq. (3).

Horizon reduction. TR-MAA™ also applies a horizon re-
duction as explained in Sec. 5. For TR-MAA*, the terminal
reward is a heuristic computed as explained in the previous
paragraph. If A > r, we also apply the horizon reduction to
compute a heuristic for the root node.

7 Empirical Evaluation

This section provides an empirical evaluation of PF-MAA*
(Sec. 5) and TR-MAA™ (Sec. 6). As baseline, we provide ref-
erence values from the state-of-the-art e-optimal solver FB-
HSVI [Dibangoye et al., 2014; Dibangoye et al., 2016] (for
€ = 0.01) and the state-of-the-art approximate solver, which
is the genetic algorithm GA-FSC [Eker and Akin, 201313,
and upper bounds found by RS-MAA* [Koops ef al., 2023].
For RS-MAA*, we give the best results among the heuristics

Q1,005 @25,00, Q200,00 and Q200,3.

Implementation. We base our implementation on the data
structures and optimizations of RS-MAA* [Koops er al,
2023]*. Notably, we handle the last agent’s last stage effi-
ciently and abort heuristic computations after M/ = 200 steps.

Setup. All experiments ran on a system with an Apple M1
Ultra using the PyPy environment. We ran PF-MAA* for six
configurations: three configurations aimed at finding policies
fast and limited to 60 seconds of CPU time each, and three
configurations aimed at finding high-quality policies limited
to 600 seconds. We ran TR-MAA* with a limit of 120 sec-
onds and a limit of 1800 seconds, respectively. We used a
global 16GB memory limit. We validated PF-MAA™ values
reported in this paper with a separate code base. We gave both
RS-MAA* and TR-MAA* the values found by PF-MAA*.

Hyperparameter selection. For PF-MAA*, the main hy-
perparameters are the window size k, which of the heuristics
Qmaxr,r OF Qmpp, to use, the depth 7 of the heuristic, and the
iteration limit L per stage. We report the configurations that
we used in Table 1. Setting » > 4 or k£ > 4 is not feasible
for all benchmarks. For TR-MAA*, we use the heuristic from
Section 6 with » = 3 and » = 5 respectively. In each case,
the Q3 heuristic is used to solve Dec-POMDPs.

Benchmarks. We used the standard benchmarks from the
literature: DECTIGER [Nair et al., 2003], FIREFIGHT-
ING [Oliehoek et al., 2008b] (3 fire levels, 3 houses), GRID
with two observations [Amato et al., 2006], BOXPUSH-
ING [Seuken and Zilberstein, 2007], GRID3X3 [Amato et al.,

3The implementations for these solvers are not available, we
copy the achieved results from the respective papers.
*See https://zenodo.org/records/11160648.
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h | FB-HSVI GA-FSC PF-MAA* random  upper h | FB-HSVI RS-MAA* TR-MAA* lower MDP
Qwop | fast quality fast quality fast quality
DECTIGER GRID
50 80.7 79.9 79.1 81.0 | -2311.1 101.3 7 4.48 TO MO 4.47 4.49 4.47 5.81
100 170.9 1693 | 1693 | 1693 1709 | -4622.2 2064 20 TO MO | 17.13 MO | 1469 1881
GRID 50 TO MO | 47.21 MO | 4049 4881
20 1423 | 1436 14.69 467 17.13 BOXPUSHING
50 40.49 | 36.86 | 37.46 MO 12.17  47.21 20 TO MO 481.2 476.4 | 475.0 S11.1
BOXPUSHING 50 TO MO | 12274 12184 | 1209.8 1306.2
20 458.1 468.1 | 402.5| 4663 475.0 -20.5 4764 100 TO MO | 2469.7 2453.4 | 2433.5 2628.1
50 11347 1201.0 | 949.8 | 1207.7 1209.8 =579 12184 MARS
100 2420.3 | 1864.5 | 2431.4 2433.5 | -120.5 24534 350 132.8 1328 | 1365 136.9 1289 145.0
MARS 100 287.5  265.7 | 2734 2765 | 2499  289.0
50 128.9 116.7| 117.0 122.6 -62.0 13238
100 249.9 221.7| 2220 234.1| -122.7 265.7

Table 2: Lower bounds, i.e. the value of the policies obtained with
different policy-finding algorithms. MO denotes memout (>16GB).
A full version is available in the supplementary material.

2009], MARS [Amato and Zilberstein, 2009], HOTEL [Spaan
and Melo, 2008], RECYCLING [Amato et al., 2007], and
BROADCAST [Hansen et al., 2004].

7.1 Results

Before we discuss the results, we present an overview of the
most interesting data in Tables 2 and 3, giving results for the
lower and upper bound, respectively. Further data is given in
the supplementary material. Each table presents results for
various benchmarks and different horizons h. In Table 2, we
first give the results for the baselines FB-HSVI and GA-FSC.
The next three columns give results for PF-MAA™, using ei-
ther the Qupp heuristic (as comparison), all fast configura-
tions, or all high-quality configurations. For reference, we
also give the value for the random policy (i.e. the policy that
uniformly randomizes over all actions) and the best-known
upper bound®. In Table 3, we give FB-HSVI’s result (if e-
optimal) and results for RS-MAA* and TR-MAA* for time
limits of 120s and 1800s, respectively. Finally, we give the
best-known lower bound (from a known policy) and the MDP
value, which is a trivial upper bound.

State-of-the-art policies. Using PF-MAA*, we compute
policies comparable with or better than the state-of-the-art
for most benchmarks. In particular, for BOXPUSHING, we
provide the best known policies for » > 10. Although the
improvement over GA-FSC in absolute sense is not large, the
upper bound shows that our improvement is a significant step
towards optimality. On DECTIGER, we find better solutions
(with k& = 3) than FB-HSVI and GA-FSC. It is known that
with & = 4, better policies exist for e.g. h = 50. However,
the policy space with k = 4 is so large that PF-MAA* does
not find the (almost) optimal policies in that space.

Novel heuristics outperform Qupp. Our algorithm PF-
MAA* consistently finds better policies using the novel
heuristics Qmaxr,» and Qmpp,» from Sec. 5 than using Qmpp
(for the same number of iterations L; see Table 1). We note
that Qmpp is the only heuristic in the literature that scales up
to high horizons on all benchmarks.

SWe took these bounds from either the literature or our methods,
see the supplementary material for details.
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Table 3: Upper bounds on the value of optimal policies, obtained
with algorithms that find such bounds. TO and MO denote time-
out (>120s for the fast configuration) and memout (>16GB). A full
version is available in the supplementary material.

Fast versus high-quality configurations. Even the fast
configuration typically yields policies that are reasonably
close to the best-known policy. Nevertheless, the high-quality
configuration is always able to find (slightly) better policies.

Challenges for PF-MAA™*. On GRID, the best policies for
large horizons require actions that are sub-optimal in the short
run, and are hence hard to find using PF-MAA*. On MARS,
FB-HS VI yields better results than PE-MAA*. We conjecture
that this is due to the larger search space for MARS. To reduce
the search space, we used probability-based clustering with
Pmax = 0.2; this improves the values to 125.84 and 243.97
for h = 50 and h = 100 respectively.

A scalable upper bound. On all benchmarks, we provide
an upper bound for horizons up to 100 which is better than
Qwmpp- This is an improvement over RS-MAA*, which only
reaches horizon 10 on BOXPUSHING and horizon 6 on GRID.
In fact, for larger horizons, RS-MAA* cannot even compute
the cheapest recursive heuristic, ()1 o, Within the memory
limit. On BOXPUSHING, the bound is also tight. It is at least
9 times closer to the optimum than the MDP value.

Revealing the state is too optimisticc. When RS-MAA*
can compute an upper bound, TR-MAA* generally gives
worse upper bounds than RS-MAA* with a cheap heuristic.

Timings. PF-MAA?* is generally faster than required by the
time limit. For instance, BOXPUSHING h = 100 takes 9 and
401 seconds combined, respectively. For r = 5, TR-MAA*
often reaches its memory limit within 300 seconds.

8 Conclusion

We presented novel methods for finding good policies for
Dec-POMDPs and for finding upper bounds on the optimal
value. Together, this allows us to find policies with values
that are at least 99% of the optimal value, on horizons an or-
der of magnitude higher than for which exact solving is possi-
ble, as well as giving upper bounds for high horizons the first
time. The main advancements leading to this result are clus-
tered sliding window memory, pruning the priority queue and
several new A*-heuristics. Further research includes investi-
gating different methods for clustering observation histories.
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