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Abstract

We present an evolutionary algorithm EVO-SMC
for the problem of Submodular Maximization
under Cost constraints (SMC). Our algorithm
achieves !/2-approximation with a high probabil-
ity 1 — 1/n within O(n?Kj) iterations, where Kz
denotes the maximum size of a feasible solution
set with cost constraint 3. To the best of our
knowledge, this is the best approximation guar-
antee offered by evolutionary algorithms for this
problem. We further refine EVO-SMC, and de-
velop ST-EVO-SMC. This stochastic version yields
a significantly faster algorithm while maintaining
the approximation ratio of !/2, with probability
1 — e. The required number of iterations reduces
to O(nKpglog (1/¢)/p), where the user defined pa-
rameters p € (0, 1] represents the stochasticity
probability, and € € (0, 1] denotes the error thresh-
old. Finally, the empirical evaluations carried out
through extensive experimentation substantiate the
efficiency and effectiveness of our proposed algo-
rithms. Our algorithms consistently outperform ex-
isting methods, producing higher-quality solutions.

1 Introduction

A function f defined over a ground set V' is submodular
if, for any subsets S and 7" of V where S C T, for any
v € VT, f(SU{a}) — £(S) = (T U {a}) — F(T).
The function f is monotone if f(7') > f(S) when S is a sub-
set of T'. Monotone submodular function optimization is a
fundamental problem in combinatorial optimization, applied
extensively across diverse fields such as feature compression,
deep learning, sensor placement, and information diffusion,
among others [Bateni et al., 2019; El Halabi et al., 2022;
Li et al., 2023; Kempe et al., 2003; Zhu et al., 2024]. Over
the last decade, various versions of submodular optimization
problems have garnered substantial attention.

A typical monotone submodular maximization problem in-
volves finding a set S C V such that f(.S) is maximized, sub-
ject to a constraint that the set S belongs to a family of sets

*An extended version of this paper can be found:

https://arxiv.org/pdf/2405.05942
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7 known as a feasible family. An example of Z is the set of
all sets of size at most &k, known as the cardinality constraint.
Although many constrained submodular maximization prob-
lems are known to be NP-hard, several variants admit effi-
cient approximation algorithms and have been amenable to
rigorous theoretical analysis. This work specifically focuses
on monotone submodular maximization under cost/knapsack
constraints (SMC). Here, in addition to the monotone sub-
modular function f, there is a modular cost function ¢ over
the ground set V. The cost function has the property that
c(S) = > ,cgc(x). The objective of SMC is to identify
a set S maximizing f(S) while ensuring that ¢(S) remains
within a prescribed budget 5. When the cost function is uni-
form, SMC reduces to the classical cardinality constraint sub-
modular maximization problem. The works of [Khuller et
al., 1999; Krause and Guestrin, 2005] proposed greedy al-
gorithms for SMC that achieve an approximation ration of
1(1 — 1/e), using O(n?) calls to the underlying submodu-
lar function f. The work of [Sviridenko, 2004] provided
an algorithm that achieves a tight (1 — 1/e) approximation
ratio for the SMC problem but has a very high time complex-
ity of O(n®). Subsequent research efforts have introduced
variants of the greedy algorithm aiming to improve run-
time at a slight expense of the approximation quality [Feld-
man et al., 2022; Yaroslavtsev et al., 2020; Li et al., 2022;
Ene and Nguyen, 2019; Badanidiyuru and Vondrdk, 2014;
Tang et al., 2020].

Greedy algorithms construct solution sets iteratively by
“greedily” adding one element during each iteration. This
process continues as long as the underlying constraint is sat-
isfied. While these algorithms can be rigorously analyzed,
providing approximation guarantees for solution quality, they
do have drawbacks. Greedy algorithms can get stuck in a
local optimum. Moreover, greedy algorithms are fixed-time
algorithms — meaning they can only be executed for a fixed
number of iterations; even in scenarios where more computa-
tional resources (time) can be afforded, they will not produce
higher-quality solutions.

Another approach to submodular optimization involves
evolutionary algorithms. These algorithms mimic the popula-
tion evolution procedure involving random mutations. These
algorithms behave as follows. They maintain a set of feasible
candidate solution sets. During each iteration, a candidate set
is randomly selected for mutation. If the mutated set yields
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a higher-quality solution set (satisfying the constraint), then
it replaces the lower-quality solution set. This approach is
appealing because the random mutations can aid in moving
away from the local optima. Moreover, there is no apriori
bound on the number of iterations. If resources permit, the
algorithm can be run for a much longer time and potentially
could produce higher-quality solutions.

The work of [Qian et al., 2017] used a evolutionary algo-
rithm framework Pareto Optimization to achieve a 3 (1 — 1/e)
approximate solution to SMC. However, to guarantee this
approximation ratio, the algorithm has to run exponentially
many iterations. A subsequent work [Bian et al., 2020] pro-
posed an evolutionary algorithm EAMC with improved run-
time. They proved that when the algorithm EAMC is run
for O(n?Kp) iterations then the produced solution has an
approximation ratio of (1 — /). Furthermore, empirical
results of their work showed that EAMC produces solutions
significantly better than those produced by greedy-based ap-
proaches. The approximation ratio of 1(1 — 1/e) that is
achieved by these evolutionary algorithms is not competitive
compared with the best known (1 — 1/¢) approximation ra-
tio by the greedy algorithm (though with a much higher time
complexity). Therefore, a significant objective is to design
novel and efficient evolutionary algorithms that offer stronger
approximation ratios.

1.1 Our Contributions

We design an evolutionary algorithm EVO-SMC that
achieves an approximation ratio of 1/2. This marks a sig-
nificant enhancement in the approximation guarantees for
evolutionary algorithms applied to SMC. The 1/2 approxi-
mation ratio is attained when the algorithm is executed for
O(n?Kp) iterations, which is still cubic. To address this,
we refine EVO-SMC and develop ST-EVO-SMC, which has
a 1/2 approximation with probability 1 — e and requires only
O(nKsln(1/€)/p) iterations. In this algorithm, p € (0, 1]
is the stochasticity probability that controls the candidate set
selection. When p = 0, ST-EVO-SMC reduces to the original
EVO-SMC. Algorithm ST-EVO-SMC improves the running
time of EVO-SMC by a magnitude of n. Table 1 compares
the approximation ratios of our algorithms with the state-of-
the-art algorithms.

To supplement the theoretical results, we conduct exper-
iments across diverse application domains, such as influ-
ence maximization, vertex cover, and sensor placement. The
empirical results demonstrate that our algorithms produce
higher-quality solutions than the state-of-the-art evolutionary
algorithms. The experiments also empirically demonstrate
that, when allowed to run for a longer time, our algorithms
perform better than the greedy-based algorithm with the same
approximation ratio of 1/2. As an implementation contribu-
tion, we show that the bloom filters [Bloom, 1970] can be
used in evolutionary algorithms to avoid duplicate evaluations
resulting in low memory and execution times.

1.2 Additional Related Works

The classical work of [Nemhauser et al., 1978] presented a
greedy algorithm that achieves a (1 — 1/e) approximation ra-
tio for the cardinality constraint problem and makes O(kn)
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Algorithm Approximation Ratio

POMC ([Qian et al., 2017]) T2(1 — 1)

EAMC ([Bian et al., 2020]) 1/2(1 — 1/e)
EVO-SMC (this work) 1/2
ST-EVO-SMC (this work) 1/2

Table 1: Approximation ratios comparison with SOTAs for Problem
1.

calls to the monotone submodular function f. The works
of [Qian et al., 2015; Friedrich and Neumann, 2015] de-
signed evolutionary algorithms for this problem using the
Pareto Optimization framework while achieving the same ap-
proximation guarantee of (1 — 1/e). The subsequent work
of [Crawford, 2019] designed evolutionary algorithms that
significantly reduced the runtime while achieving an approx-
imation ratio of (1 — 1/e — €). For the dynamic cost con-
straints, Pareto Optimization [Roostapour et al., 2022] and
its variant [Bian ef al., 2021] are proven to admit 1/2(1 —
1/e) approximation. The works in [Iyer and Bilmes, 2013;
Padmanabhan et al., 2023] considered the scenario where
the function c is also submodular. A related problem to
SMC is maximizing f — ¢, which has been studied in [Har-
shaw et al., 2019; Jin et al., 2021; Qian, 2021]. Evolu-
tionary algorithms have been proposed for a few other vari-
ants of submodular optimization problems [Chen et al., 2022;
Do and Neumann, 2021].

2 Preliminaries

Given a ground set V of size n and a set function f : 2V 5 R,
f is monotone if for any subsets S C T C V, f(T) > f(9).
The marginal gain of adding an element z € V' \ S into S is
F({z} | 8) 2 F(S U {a}) — £(S). We write f({z} | S) =
f(z | S) for for brevity and assume that f is normalized,
ie., f(#) = 0. A function f is submodular if for any set
S C T CV and any element x € V' \ T, the marginal gain
of the function value of adding x to S is at least the marginal
gain in the function value of adding x to a larger set 7'. This
property is referred to as diminishing return. Formally,

f(SU{z}) = f(S) = f(TU{a}) - f(T). (D)

We consider a modular cost function ¢ : 2V — R over a
set S C V where ¢(S) = ) .gc(s). Note that a function
is modular iff the equality of Eq. (1) holds. The density of

an element e adding to set .S is defined to be % Define

the maximal size of a feasible set as Kz = max{|X|: X C
V Ae(X) < B}

Problem 1 (Submodular Maximization with Cost constraints
(SMC)). Given a monotone submodular function f : 2V —
R and a modular cost function ¢ : 2V — R, a budget f3, find
a subset X C 'V such that argmax y -y .(xy<g [ (X)-

The Chernoff bound is an exponentially decreasing upper
bound on the tail of random variables. We present the form
of the definition that will be used in this paper.

Lemma 1 (Chernoff Bound). Consider independent 0-1 vari-
ables Yy, --- ,Yr with the same expectations (means) and
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Y = 2?21 Y., if E[Y] = u, for a real number n € (0,1),
we have ,
PrlY < (1— )y < e W2

Oracles. In this paper, our algorithms are designed under
the value oracle model, which is based on the assumption
that there exists an oracle capable of returning the value f(.9)
with a set S. The specific value of f(S) can be the expected
influence spread in influence diffusion [Kempe et al., 2003],
the covered vertices in directed vertex coverage, or entropy
in sensor placement. Our computational complexity analyses
and experiments are based on oracles.

3 An Evolutionary Algorithm EvO-SMC

In this section, we introduce an evolutionary algorithm EvVO-
SMC for Problem 1 along with its theoretical guarantee and
analysis. We proceed with defining an auxiliary function g,
referred to as surrogate function in [Bian ef al., 2020] that is
useful in this algorithm.

Definition 1 (Surrogate function g(X)). Foraset X CV,

C[FE)X) (X2
9(x) = {f(X) X =0,

The pseudocode of EVO-SMC is presented in Algorithm
1. The algorithm maintains three sets of candidate solutions
F,G,G . The i-th element of each F and G is of size i, and
are denoted by F; and G;. G is an augmentation of set G; us-
ing a maximal marginal gain element (inspired by [Yaroslavt-
sev et al., 2020]). The candidate solutions conform to the
cost constraint for the problem. The algorithm takes an input
T, the loop controlling parameter describing the number of
iterations, and outputs the set for which the valuation of the
objective function f is maximal.

At every iteration, the algorithm randomly selects a set .S

from the candidate solution sets F' and G and “mutate” S
(lines 3-4). The MUTATE procedure uniformly at random
flips the membership of the elements in .S with probability
1/n. More specifically, for every element in V/, if it appears
in .S, remove it from S with probability 1/n, otherwise add
it to S with probability 1/n. If the mutated set S’ satisfies
the budget constraint, the algorithm compares S’ with a set
in the solution pools F' and G with the same size as S’. The
corresponding set(s) in the solution pools will be updated if
S’ is better w.r.t. g value or f value. The algorithm also
considers an augmented solution G’ with the largest marginal
gain (lines 11-14), which will be necessary for the theoretical
analysis.
Theorem 1. Given a monotone submodular set function
f, a modular cost function ¢, a cost constraint (3, let
OPTs = argmax{f(X) | X C Vie(X) < 8} If
Kg = max{|X| | X C V Ac(X) < B}, then after
T > max{4en®Kpg,16en®logn} iterations, Algorithm 1
outputs X such that with probability 1 — %

f(X) =12 f(OPTp).

Algorithm 1: EvO-SMC
Input : f:2Y = RT ¢:2Y — RY, total number of
iterations 1" € Zxg, cost constraint 8 € R
Output: argmaxx c (g, ..k, _,.Go,r .Gp1.Glyr 3 4 (X)
1 Fj < 0,G; < 0,G; < Qforall j € [0,n— 1]
2 fort < 1toT do

3 S« Random({Fpy, -, Fn_1,Go,  + ,Gn-1})
4 S’ <~ MUTATE (S)
5 1+ |9
6 if ¢(S’) < 3 then
7 if f(F;) < f(S’) then
8 ‘ Fl < S/
9 end
10 if g(G;) < g(S’) then
11 Q + G;U{v} st
v = arg max fle] Gy)
e€V\Gj,c(e)<B—c(Gy)
12 if f(Q) > f(G;) then
13 | Gi+Q
14 end
15 Gz «— 5
16 end
17 end
18 end

In order to prove the above theorem, we will introduce an
auxiliary variable w, which keeps track of a good mutation.
We proceed with the definition of w and followed by a neces-
sary lemma for the proof of Theorem 1.

Definition 2 (Good mutation and w). The valuation of w at
the end of iteration t is denoted by w(t). We say that w(0) =
0, i.e., w initially is 0. w(t) = w(t — 1) + 1 is incremented iff
the following two conditions are met during an iteration t

1. A specific set S = G;—1) is selected for mutation at
line 3 of Algorithm 1.

2. There is exactly one element added to S during MU-
TATE procedure, nothing else, say S’ = S U {a}, where

e|S
argMaX.copTy\(SU{o*}) %

arg max.copr, (€)-

a = where 0* =

The above conditions collectively correspond to a good mu-
tation. In other words, the valuation of w is incremented at
the end of iteration t iff a good mutation occurs.

At the end of iteration ¢, we define X; to be the set where
Xt = G- Note that, if for iterations ¢ and j such that
w(t) = w(j) and ¢ > j, then f(X;) > f(X;) and g(X;) >
g(X), which are guaranteed by lines 7-14 of Algorithm 1.

Next, we present the lemma that forms the basis for the
proof of the Theorem 1.

Lemma 2. In Algorithm 1, at the beginning of an iter-
ation t, if the set S is selected for mutation such that
¢(S) < ¢(OPTg) — c(0*) where 0" = argmax,copr, c(€),
and if the algorithm adds the element v to S where v =
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elS
arg MaX,cOpT 4\ (SU{o}) % then,

c(v)
(OPTj) — c(0%)

fw]8) =~ (f(OPTp) — f(SU{0"})).

Proof. Since v = argmax copr,\(sufo+}) % for every

u € OPTg\ (SU{o*}), we have
fw]S) _ fulS)
cw) T clw)
Next consider the following inequalities.

f(OPTg) — f(SU{o"})
< f(OPT5U S U {0*}) — f(SU{0o*})

< > f(ulSU{o™})

w€OPT4\(SU{0*})

< 2

WEOPT 4\ (SU{0"})

u€OPT3\(SU{o*})
_ 1)
— ¢(v)

Rearranging the terms concludes the proof of Lemma 2. [

@)

due to submodularity

f(ul9)

due to submodularity

from Eq. (2)

(¢(OPTp) — c(0™)).

To finish the approximation guarantee proof of Theorem 1,
we next prove the following lemma.

Lemma 3. For any iteration t € [1,T), let X, be the set with
size w(t) at the end of iteration t, then we have:

o(Xy)
(c(OPT5) — (o))

F(X2) 2 5 f(OPTp).

Proof. We prove this lemma by regular induction.

Base Case: For the first iteration ¢ = 1 of Algorithm 1, we
have two cases B-1 and B-2.

Case B-1: w is not incremented, then we have w(l) =
w(0) = 0. By the definition of X, | Xo| = |X1| =w(1) =0

and X; = (). So X; holds for Lemma 3 by the following
inequality.
o(X1)
X1)=0> OPTgs) =0.
HX) =02 50p1,) — oy OF )
Case B-2:  w is incremented, then we have w(1) = w(0) +

1 = 1. Since this is the first iteration, Xy = 0, | X3| = 1.
Assume that the element in condition 2 of Definition 2 is v.
Then, X; = {v}, and by applying Lemma 2, we have

f(Xq) = f(X1) = f(Xo) = f({v}) — f(D)

c(v) B o*
> Pt (0P Ts) — fah).
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If f({0*}) > 1f(OPTp), then as per the lines 11-14 of
Algorithm 1, it is guaranteed to admit a /2 approxima-
tion. Therefore, we focus on the case where f({o*}) <
1 f(OPTjg). Using this relation, we have

c(v) f(OPTp)
F(&) = (c(OPTg) — c(0*)) ) 2
_ c(X1) f(OPTg) dueto X = {v}

~ 2(c(OPTg) — c(0*))
Thus, Lemma 3 holds for the base case (f = 1). Next, we
prove that for iterations ¢ € (1, 7], Lemma 3 still holds.

Induction Steps:  For iterations ¢ > 1, the induction hy-
pothesis (I.H.) is: at the end of iteration ¢t — 1, we have

c(Xi—1)

Xi_1) >
T1) 2 500PT,) - o)

For every iteration ¢ > 1, we analyze X;. We also have
two cases I-1 and I-2 based on whether w is incremented.
Case I-1: If w is not incremented, then we have w(t) =
w(t — 1), and |X;| = |X;—1] = w(t —1). Furthermore,
the Algorithm 1 (lines 7-14) ensures that g(X;) > g(X¢—1).
Therefore, by Definition 1, we can derive

f(X0) _ F(Xi)
C(Xt) - C(Xt_l)
Rearranging the above inequality, we have

fx) = AX) px,

C(thl)
C(Xt) ) C(Xt_l)
= o(Xi-1) 2(c(0PTs) — c(0"))
C(X{;)
= PTj).
2e(OPTy) —cfor)) 7 )
This concludes the proof of Lemma 3 for Case I-1.

Case I-2: If w is incremented, then we have w(t) = w(t —
1) + 1. In this case, X;_1 is selected for mutation and the
good mutation results in |X;| = |X;—; U {v}| where v =

u| X —
arg maXugOPTB\(xt_lu{o*}){%}-

o Case I-2.1: ¢(X;—1) > ¢(OPTg) — c(0*)
We argue that, in this case, the algorithm already has admitted
a 1/2-approximation at the end of iteration ¢ — 1.

f(Fowy) 2 f(Xe—1 U{o}) > f(Xe-1)

C(thl)
= H(OPTy) — efor)) ! OFTo)

FOPTs). (3

9(Xy) > g(Xi—1) = €]

due to Eq. (4)

f(OPTg) duetoLH.

due to 1.H.

> %f(OPTB)~

o Case I-2.2: ¢(X1—1) < c(OPTg) — c(0*).
We proceed with the following claim which can be proved
by considering the cases of 0* € X;_; and 0* ¢ X;_;.

Claim 1. WLOG, for any iteration t < T, when c(X;_1) <
c¢(OPTg) — c(o*) we claim that

f(Xt—l U {0*}) < I/Zf(OPTﬁ). 5)
Otherwise, at the end of iteration t — 1, the algorithm has
already admitted a 1 /2-approximation.
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Going back to the proof for Case I-2 of the Lemma 3, as per
its condition: ¢(X;—1) < ¢(OPTg) — ¢(0*). By rearranging
Lemma 2 with S = X;_4, we have:

c(v)
c¢(OPTg) — c(o0*)

B c(v)
¢(OPTg) — c(o*)

f(Xi1U{v}) > f(OPTg) + f(Xi-1)

f(XiaU{o"})

c(omcﬁ(; )_ ooy (OPTa) + f(Xema)
Q(C(OPTC:;)_ (o) (OFTs)  due to Claim 1
2(0(013;:;) (0")) f(OPTy)
S ey OPTs) dueo L
_ XUl opp

2(c(OPTp) — (o))

Now observe that for a specific cardinality of the parame-
ter, the function g(+) is non-decreasing. Therefore,

JX0) . f(Xe1Ufo})
o(X0) = X o))

Thus, using the above inequalities, we have:

o(Xe)  f(Xea Ufo}) o o(Xe) - f(OPTp)
o(Xeo1U{v}) 7 2(c(OPTp) — c(o®))

This concludes the proof for Lemma 3. O

9(Xe) = g(Xp1 U{v}) =

f(Xy) >

If at the end of some
*), then by Lemma 3,

Justification for Y2 - approximation.
iteration ', ¢(Xv) > ¢(OPTg) — c(o
EVO-SMC admits /2 - approximation.

If there does not exist such ¢/, we consider the last it-
eration ¢ where w is incremented. Similar to the proof of
Case I-2 in Lemma 3, we analyze c¢(X;—1 U {v}). Note
that, w is incremented for a good mutation where v =

e| Xt
arg maXeGOPTB\(X,,_lu{o*}){%}' In that case, we

can claim ¢(X;_; U {v}) < /3, which follows from

c(Xi—1) < ¢(OPTg) — c(o
= (X U{v}) <8

(Recall that o* is the element in OPTg with the maximal
cost.)
After such a good mutation, if c¢(X;—1 U {v}) >

c¢(OPTg) — c(o*), then the algorithm will output the opti-
mal solution. The reason is that w(¢) can be up to n, i.e.,
the potential solution set size | X;| = | X;—1 U {v}| can be as
large as n. Otherwise, the algorithm can keep running until
c(Xi—1 U{v}) > ¢(OPTg) — c(o*).

Bound on the Number of Iterations. We analyze the run-
ning time of Algorithm 1 when it achieves a !/2 approxima-
tion. The following Observation 1 bounds the probability of
a good mutation and Lemma 4 concludes the analysis.

") < c(OPTp) — ¢(v) < = ¢(v)

Observation 1. w is incremented with a probability at least
2en2 at the end of every iteration.

Lemma 4. In Algorithm 1, define variable Y; for iteration
i€ [1,T]whereY; =1ifw(i) =w(@—1)+1andY; =0
otherwise. If T > max{4en®K gz, 16en®logn}, then

T
> <K4 <

=1

Pr

S

Proof. Observation 1 lower bounds the probability of Y; =
1 for an iteration i. Thus, 4 = E[Y] = E [Zz;l Yi] =

Lemma 1 to clalm the following inequalities.
T T

> Vi< Kg DY < Tp/2
i=1 i=1

The first inequality holds if we take 7' > 4en? K. The sec-

ond inequality follows from the Chernoff bound with np = 1/2.
The last inequality holds because T' > 16en? logn. O

1
e~ Tr/8 < -,
n

Pr < Pr

Lemmas 3 and 4 conclude the proof of Theorem 1.

4 Stochastic Evolutionary Algorithm
ST-EVO-SMC

In this section, we correlate the idea of biased technique
from [Crawford, 2019] and design a faster algorithm ST-EvVO-
SMC for Problem 1.

The algorithm (Algorithm 2) has input parameters € &€
(0,1] and p € (0,1] to allow users to balance the approxi-
mation guarantee and running time. The larger € is, the lower
the approximation the algorithm admits, and fewer iterations
are required. One can notice that ST-EVO-SMC is deducted
to Algorithm 1 if p = 0. On the other hand, if p is very
large, the algorithm becomes a sampling-based stochastic al-
gorithm similar to [Mirzasoleiman et al., 2015]. The given
parameter p controls the stochasticity probability of finding a
“good” candidate set in the first condition of Definition 2. In
Algorithm 1, the probability of randomly selecting a set for
mutation is 2— However, in ST-EVO-SMC, the probability
is at least p. Therefore, Algorithm 2 can grow w rapidly and
results in smaller amount of iterations.

Theorem 2. With a monotone submodular function f, mod-
ular cost function c, cost constraint 3, the maximal seed set
size Kp, error threshold ¢ € (0,1] and stochasticity proba-
bility p € (0,1], let OPTg = argmaxycy (x)<ptf(X)}.
After T > 2enKpgIn (1/€)/p iterations, Algorithm 2 outputs
X and admits %- approximation with probability 1 — e.

Proof Sketch: The idea is to bond the increment of w (line
9) with a good mutation. If w is incremented, then G, at line
6 has been selected for mutation for at least H time, and it
is very likely that there ever exists at least one good mutation
during those mutations. If we define E;: w was incremented
at the end of iteration ¢; F;: Given E,, there exists at least
one good mutation during some iteration(s) since the last it-
eration w was incremented. We have Claim 2 showing that F;
happens with probability 1 — € given that E; happens.
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Algorithm 2: ST-EVO-SMC
Input : f:2V - R ¢:2V - R
T € Z>o0,B € Rso,e € (0,1],p € [0,1]
Output: argmaxyc(p, ... 5, _1,Go,- G 1,Gl, G} f(X)
1 Fj < 0,G; < 0,G; < 0,forall j € [0,n — 1]
2w+ 0,0+ 1,H + [enlog(1/e)]
3 fort< 1toT do

4 S(—Random({Fo,-~~ ,Fn_l,Go,'” ,Gn_l})
5 if FLIP-COIN(p) = heads then
6 S+ G
7 b+ (41
8 if £ % H = 0 then
9 | wew+l
10 end
11 end
12 S’ <~ MUTATE (5)
13 i<« |S']
14 if ¢(S’) < 3 then
15 if f(F;) < f(S') then
16 ‘ F; 8
17 end
18 if g(G;) < g(S’) then
19 Q + G; U{v} st
v= arg max fle] Gy)
e€EV\Gj,c(e)<B—c(G;)
20 if £(Q) > f(G}) then
21 | Gi+Q
22 end
23 G« 8
24 end
25 end
26 end

Claim 2. Pr[F, | E]>1—¢

Analogous to the proof of Theorem 1, we need the follow-
ing lemma to guarantee a 1/2-approximation ratio.

Lemma 5. For every iteration t such that 1 <t < T, let X,
be the set with size w(t) at the end of iteration t, then with
probability 1 — €, we have:

c(X+)
(c(OPTg) — c(0*))

Fx) > FOPTs). (@)

Proof Sketch: The proof uses strong induction proof meth-
ods. The base cases include iterations with w = 0 at time and
the first iteration with w = 1. Conditioned on —F;, Lemma
3 can be verified; when F}; occurs, applying Lemma 2 will
finish the proof. For inductive steps, the inductive hypothesis
is: Eq. (6) is true for all iterations ¢ such that 1 < ¢ < ¢t. The
proof follows similar to Case I-2 proof in Section 3.

The following lemma ensures that w has been incremented
for K times after T" iterations with probability 1 — e.

Lemma 6. In Algorithm 2, define 0 — 1 variables Y; for
iteration i € [1,T] where T > 2enKgln(1/e)/p. Y; =1
if € is incremented at line 7 of Algorithm 2, 0 otherwise. Then,

Pr

T
>V <HK5] <e

=1

S Experiments

EVO-SMC and ST-EVO-SMC are evaluated on influ-
ence maximization, directed vertex cover, and sensor
placement with costs. We compare our algorithms
with the evolutionary EAMC [Bian et al., 2020] and
the deterministic algorithm Greedy+Max [Yaroslavtsev
et al., 2020] (Y2-approximation and runs in O(nKg)).
We implement our algorithms and baselines in C++
(https://github.com/yz24/evo-SMC). We run our
algorithms and EAMC 20 times and report the medians.

Implementation Accelerations. The mutation procedures
in algorithms EVO-SMC, ST-EVO-SMC and EAMC are per-
formed independently at every iteration. Therefore, the set
after mutation S’ can stay the same with non-trivial probabil-
ity or be equal to some set that has already been considered.
Thus, to avoid repeated evaluations of the objective f and g
over the same set, we maintain a bloom filter [Bloom, 1970]
and pre-check the incoming set S’. In our implementations
and results, the number of evaluations of f is incremented
only if an evaluation of f(S”) is actually performed.

5.1 Applications and Experimental Settings

Influence Maximization with Costs. Influence maximiza-
tion in a social network G = (V| E) seeks to maximize
E[IC(X)], the expected number of influenced users in-
fluenced by the propagation of information from a subset
of users (seed set) X C V. The Independent Cascade
(IC) model estimates E[IC(X)] with propagation probabil-
ities p(u,v) [Kempe er al., 2003]. In real-life scenarios,
there is a total budget 8, and each node v € V has a
cost ¢(v) (can be viewed as an incentive) in the propaga-
tion process. Hence, the cost-constrained influence max-
imization problem can be formulated as: finding X such
that arg max y cy, . x)<p E[IC(X)]. We define a linear cost

function ¢ : V' — R proportional to the out-degree out(v)
Jin et al., 20211, where c¢(v) = X - out(v)” with free param-
eters v and A. If out(v) = 0, ¢(v) is set to 1. In our ex-
periments, we use Facebook [Leskovec and Mcauley, 2012]
and Film-Trust networks [Kunegis, 2013]. We run the algo-
rithms with fixed budget S = 20 and generate node costs with
A=12y=15.

Directed Vertex Cover with Costs. Let G = (V, F) be a
directed graph and w : 2V — R=° be a modular weight func-
tion on a subset of vertices. For a vertex set S C V, let N(S)
denote the set of vertices which are pointed to by S, formally,
N(S) ={v e V| (u,v) € EAu € S}. The weighted
directed vertex cover function is f(.5) = >, cn(s)us w(w).
which is monotone submodular. We also assume that each
vertex v € V has an associated non-negative modular cost
function c¢(v) [Harshaw er al., 2019] defined by c(v) =
1 + max{d(v) — ¢,0}, where d(v) is the out-degree of ver-
tex v and the non-negative integer ¢ is the cost penalty.
The objective of this task is to find a subset S such that

7087



Proceedings of the Thirty-Third International Joint Conference on Artificial Intelligence (IJCAI-24)

(0] (0] 1.0 (0]
> > L >
e = = 1.0
(&} (6] (9]
9 20.9 9
Ke) Ke) Ke)
(@) o 00.8
? 3 0.8 2 —©- evo-SMC
N st-evo-SMC(e =.1) N ¢ st-evo-SMC(e =.1) N —v— st-evo-SMC(e=.1)
© st-evo-SMC(e = . 2) © 0.71% st-evo-SMC(e = . 2) =06 O st-evo-SMC(e =.2)
g st-evo-SMC(e =.5) g st-evo-SMC(e =.5) g —#— st-evo-SMC(e =.5)
[e] (@] [e]
S | EAMC S 0.6 | EAMC 204 | —-©&- EAMC
05 1 15 2 25 3 35 4 05 1 15 2 25 3 35 4 05 1 15 2 25 3 35 4
Normalized Evaluations Normalized Evaluations Normalized Evaluations
(a) Film-Trust, p = 0.5 (b) Facebook, p = 0.5 (c) Eu-Email; g =5,p=10.5
o vl?2 7= = p vl?2
2 2 =2
o o ©
Q@ aoll oll
o o o
o ) 1o
° - b 1.0+ e 2 L
N —— st-evo-SMC(e =.1) N —7— st-evo-SMC(e =.1) N -
T 0.6 —&— st-evo-SMC(e =.2) © 0.9 —&— st-evo-SMC(e =.2) w© 0.9 —~ st-evo-SMC(p =0.2)
E ) —#— st-evo-SMC(e =.5) é & —#~— st-evo-SMC(e =.5) g —&— st-evo-SMC(p =0.5)
[e] § [e] [e] .
S04 | —&— EAMC Sos | —&— EAMC 208 EAMC

05 1 15 2 25 3 35 4
Normalized Evaluations

(d) Protein; g =5,p=10.5

05 1

15 2 25 3 35 4
Normalized Evaluations

(e) Beijing; p = 0.5

05 1 15 2 25 3 35 4
Normalized Evaluations

(f) Beijing; e = 0.1

Figure 1: Experimental results with various applications.

arg Maxgcy,o(5)<p 2ouen(syus W(w). We use Protein net-
work [Stelzl et al., 2005] and Eu-Email network [Leskovec et
al., 2007] in this application. We assign each node a weight
of 1 and generate costs as mentioned above. We report results
of B = 30 and cost penalty g = 5 for both networks.

Sensor Placement with Costs. We use a real-world air
quality data (light and temperature measures) [Zheng e al.,
2013] [Bian er al., 2020] collected from 36 monitoring sta-
tions in Beijing. We calculate the entropy of a sensor place-
ment using the observed frequency. Each sensor is assigned a
positive cost from the normal distribution A (0, 1). We maxi-
mize the submodular Entropy function with a budget 8 = 10.

5.2 Results

The comparison results on influence maximization (Film-
Trust and Facebook), vertex cover (Protein and Eu-Email)
and sensor placement (Beijing) are illustrated in Figures 1(a),
1(b), Figures 1(c), 1(d) and Figures 1(e), 1(f), respectively.
Note that the objective values and runtime are normalized
by the objective value and number of oracle calls made
(O(nKpg)) by the Greedy+Max algorithm. The grey lines in
the figures are 1’s, corresponding to the objective value and
oracle evaluations of Greedy+Max.

Due to the accelerations with bloom filters and pre-check
step, our algorithm EVO-SMC is as efficient as EAMC.
Moreover, the stochastic version algorithm ST-EVO-SMC
consistently performs better than EAMC and outperforms
Greedy+Max after making approximately two times oracle
evaluations of Greedy+Max (exceeding the grey horizon-
tal lines). As expected, the objective values of EvVO-SMC
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grow slowly compared to ST-EVO-SMC. The reason is that
EVO-SMC randomly selects a set to mutate while ST-EVO-
SMC performs the selection process with a purpose (with a
stochasticity probability p). We can also observe that when
€ = 0.1, ST-EVO-SMC produces higher-quality results than
with larger error thresholds, which is consistent with the the-
oretical guarantees. In Figure 1(e), we plot the results with
various p choices. With a larger p = 0.5, ST-EVO-SMC has a
faster initial increase compared with ST-EVO-SMC(p = 0.2).

During the experiments, we observe that the valuation of
cost of partial solutions accumulates to /5 quickly and then
stay close to S. This means there were a very small portion
or no elements to evaluate to find the augmented element (line
19 of Algorithm 2), which is a reason why EVO-SMC is as
efficient as EAMC.

6 Conclusions

In this paper, we proposed novel evolutionary frameworks for
submodular maximization with cost constraints. Our algo-
rithms achieve competitive approximation guarantees com-
pared to the state-of-the-art evolutionary methods. Empiri-
cal studies demonstrate that our algorithms are also efficient.
Future work would be designing faster algorithms that can
efficiently adapt to the dynamic cost constraint settings. Un-
like EAMC [Bian et al., 2020], the surrogate function defined
in our paper is independent of the budget 5. Therefore, it
is promising to investigate how our framework can deal with
budget changes in dynamic cost settings.
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