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Abstract

Explainable Artificial Intelligence (XAI) is criti-
cal for attaining trust in the operation of Al sys-
tems. A key question of an Al system is “why was
this decision made this way”. Formal approaches
to XAI use a formal model of the Al system to
identify abductive explanations. While abductive
explanations may be applicable to a large number
of inputs sharing the same concrete values, more
general explanations may be preferred for numeric
inputs. So-called inflated abductive explanations
give intervals for each feature ensuring that any
input whose values fall withing these intervals is
still guaranteed to make the same prediction. In-
flated explanations cover a larger portion of the in-
put space, and hence are deemed more general ex-
planations. But there can be many (inflated) abduc-
tive explanations for an instance. Which is the best?
In this paper, we show how to find a most general
abductive explanation for an Al decision. This ex-
planation covers as much of the input space as pos-
sible, while still being a correct formal explanation
of the model’s behaviour. Given that we only want
to give a human one explanation for a decision, the
most general explanation gives us the explanation
with the broadest applicability, and hence the one
most likely to seem sensible.

1 Introduction

The widespread use of artificial intelligence to make or sup-
port decisions effecting humans has led to the need for these
systems to be able to explain their decisions. The field of
eXplainable AI (XAI) has emerged in response to this need.
Its generally accepted that XAl is required to deliver trust-
worthy Al systems. Unfortunately the bulk of work in XAI
offers no formal guarantees, or even clear definitions of the
“meaning” of an explanation. Examples of non-formal XAI
include model-agnostic methods [Ribeiro et al., 2016; Lund-
berg and Lee, 2017; Ribeiro et al., 2018], heuristic learning
of saliency maps (and their variants) [Samek et al., 2019;
Samek et al., 2021], but also proposals of intrinsic inter-
pretability [Rudin, 2019; Molnar, 2020; Rudin er al., 2022].
In recent years, comprehensive evidence has been gathered
that attests to the lack of rigor of these (non-formal) XAI ap-
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proaches [Slack er al., 2020; Ignatiev, 2020; Wu et al., 2023;

Marques-Silva and Huang, 2024].

Formal XAI [Shih ef al., 2018; Ignatiev er al., 2019b;
Marques-Silva and Ignatiev, 2022] in contrast provides rigor-
ous definitions of explanations which have desirable proper-
ties as well as practical algorithms to compute them. But for-
mal XAI methods also have limitations: they may not scale
and hence may be unable to provide explanations for some
complex Al models.

Abductive explanations [Shih et al., 2018; Ignatiev et al.,
2019b] are the most commonly used formal XAI approach.
An abductive explanation is a subset-minimal set of features,
which guarantee that if the values of the instance being ex-
plained are used for these features, then the decision of the
Al system will remain the same. Hence these feature values
of the instance are “sufficient” to ensure the decision. For
example if a male patient with O+ blood type, height 1.82m
and weight 90kg is found to be at risk of a disease by an Al
system, an abductive explanation might be that the height and
weight are the only required features: thus anyone with height
1.82m and weight 90kg would also be at risk.

While abductive explanations have nice properties and are
a valuable tool, they are quite restrictive. The abductive
explanation above says nothing about a person with height
1.81m. Recently, inflated formal explanations have been pro-
posed [Izza et al., 2024b], which extend abductive explana-
tions to include maximal ranges for features that still guaran-
tee the same decision. An inflated abductive explanation for
the disease example may be that any person with height in
the range 1.80-2.50m and weight 90-150kg also has the same
risk.

When explaining the reason for an Al system decision for
a particular instance, there can exist many possible formal
abductive explanations; similarly there can exist many possi-
ble inflated abductive explanations. Ideally when explaining
a decision to a human we would like to give a single expla-
nation. In this work we show how we can compute the most
general abductive explanation, in some sense the most gen-
eral explanation of the Al systems behaviour. More precisely,
the contributions of this paper are:

1. An implicit hitting set approach to compute most general
inflated abductive explanations;

2. Two Boolean Satisfiability (SAT) encodings and an Inte-
ger Linear Program (ILP) encoding for generating candi-
date maximal abductive explanations;

3. Experiments showing that we can in practice create most
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general abductive explanations.

2 Preliminaries

2.1 Classification Problems

Let F be a set of variables called fearures, say F = [m].
Each feature i is equipped with a finite domain D;. In general,
when referring to the value of a feature ¢ € F, we will use
a variable x;, with x; taking values from ID;. Domains are
ordinal that can be integer or real-valued. The feature space
is defined as F' = [, » ;. The notation x = (z1,...,Zm)
denotes an arbitrary point in feature space, whilst the notation
v = (v1,..., V) represents a specific point in feature space.
A regionisasetE = E; x --- x E,, consisting of, for each
feature ¢, a non-empty set E; C D; of values (it can also
be viewed as a function that maps feature ¢ to E;). A rotal
classification function k. : F — K where K = {c1,...,ck}
is a set of classes for some K > 2. For technical reasons, we
also require x not to be a constant function, i.e. there exists
at least two points in feature space with differing predictions.
An instance denotes a pair (v, c¢), where v € F and ¢ € K.
We represent a classifier by a tuple M = (F,F, K, k). Given
the above, an explanation problem is atuple € = (M, (v, ¢)).

2.2 Formal Explainability

Two types of formal explanations have been predominantly
studied: abductive [Shih et al., 2018; Ignatiev et al., 2019b]
and contrastive [Miller, 2019; Ignatiev et al., 2020]. Ab-
ductive explanations (AXps) broadly answer a Why ques-
tion, i.e. Why the prediction?, whereas contrastive explana-
tions (CXps) broadly answer a Why Not question, i.e. Why
not some other prediction?. Intuitively, an AXp is a subset-
minimal set of feature values (x; = v;), at most one for each
feature ¢ € JF, that is sufficient to trigger a particular class
and satisfy the instance being explained. Similarly, a CXp
is a subset-minimal set of features by changing the values of
which one can trigger a class different from the target one.
More formally, AXps and CXps are defined below.

Given an explanation problem £ = (M, (v, ¢)), an abduc-
tive explanation (AXp) of £ is a subset-minimal set X C F of
features which, if assigned the values dictated by the instance
(v, ¢), are sufficient for the prediction. The latter condition is
formally stated, for a set X', as follows:

Y(x € F). [/\Z_ex(m )| =skx) =) (D)

Any subset X C F that satisfies (1), but is not subset-
minimal (i.e. there exists X’ C X that satisfies (1)), is re-
ferred to as a weak abductive explanation (Weak AXp).

Given an explanation problem, a contrastive explanation
(CXp) is a subset-minimal set of features )V C F which, if
the features in F \ ) are assigned the values dictated by the
instance (v, ¢), then there is an assignment to the features in
Y that changes the prediction. This is stated as follows, for a
chosenset Y C F:

S e B [\ p =0 A 29 @)

AXp’s and CXp’s respect a minimal-hitting set (MHS) du-
ality relationship [Ignatiev et al., 2020]. Concretely, each
AXp is an MHS of the CXp’s and each CXp is an MHS of
the AXp’s. MHS duality is a stepping stone for the enumera-
tion of explanations.

Inflated Formal Explanations. An inflated abductive ex-
planation 1AXp) of £ = (M, (v, c))isatuple (X, E), where
X C Fisan AXp, and E is a region where (i) E;, C D, for
eachi € X and E; = D; for each i € (F \ X), (ii) v; € E;
for each ¢ € X, such that

V(x € F). [/\iex(xi € ]Ez)} —(k(x) =¢) 3)

and E is a maximal set with properties (i), (ii), and (3), i.e. if
[E is any range that satisfies (i), (ii) and (3), then it is not the
case that E' O E.

A size measure s is a mononotic function that maps a re-
gion E C T to a real number. Consider an iAXp (X, E) and
a size measure s, then (X, E) is called a maximum iAXp if its
size score s(E) is a maximum amongst all iAXp’s, i.e., if E/
is an iAXp, then s(E') < s(E).

Later, when dealing with tree ensemble models, we will in-
stantiate s to a specific coverage measure on ranges consisting
of intervals.

Example 1. Consider 3 features x;, i € [3], representing
an individual’s blood type, their age, and weight with the
domains D1 = {A,B,AB,0}, Dy = [20,80], and D3 =
[50,150]. Assume the classifier k(x) predicts a high risk of
a disease if xo > 60 and x3 > 80, otherwise, k(x) predicts
the individual to be at low risk of a disease. (Observe that
the blood type x1 is ignored in the decision making process.)
Consider an instance v = (A, 65, 85), which is classified as
high risk. The only AXp for this instance is X = {2,3}. Now,
consider a simple size measure s(E;) = |Eil/|p,|. While there
are multiple ways to inflate X using this size measure, the
maximum and, intuitively, the most general iAXp consists of

the intervals Eo = [60, 80] and Es = [80, 150).

An inflated contrastive explanation (iICXp) is a pair (Y, G)
s.t. Yisa CXp of &, and v; € G, for each feature ¢ € ) and
G; = {v;} forany i € (F\ ), such that the following holds:

AxeF). [A\,_ @ €G] A (sx) £0) @

Example 2. Consider again Example 1 and v = (A, 65, 85)
classified as a high risk. If a user is interested in answering
why not a low risk, a possible CXp to extract is }y = {2}.
This means that by suitably changing the value of x5 to some
value taken from its entire domain [20, 80), the prediction can
be changed to low risk even if features x1 and xs are fixed,
resp., to values A and 85. Observe that the freedom of select-
ing the entire domain Dy although perfectly valid provides
a user with little to no insight on how the prediction can be
changed, as it contains values, namely those in [60, 80], that
if chosen do not lead to a misclassification. Inflating the CXp
Y1 can be done differently and may result in a valid shrunk
interval, say, Go = [20, 65). Intuitively, the most informative

iCXp shrinks the domain Dy into the set Gy = [20, 60), while
ensuring a misclassification is still achievable. Similarly, an-
other CXp for instance v is Yo = {3}, with the most sensible
inflation being G = [50, 80).

Let us denote the set of all iAXp’s for a particular expla-
nation problem & as A(E) while the set of all iCXp’s will be
denoted as C(&). Similar to the case of traditional abductive
and contrastive explanations, minimal hitting set (MHS) du-
ality between iAXp ’s and iCXp ’s was established in earlier
work [Izza et al., 2024b].
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Proposition 1. Given an explanation problem &£, each iAXp
(X,E) € A(E) minimally “hits” each iCXp (¥,G) € C(£)
s.t. if feature i € F is selected to “hit” iAXp (X,E) then
G; NE,; = 0, and vice versa.

Remark 1. As the previous two examples demonstrate, in-
flation of an AXp or a CXp can be done in multiple ways re-
sulting in different inflated AXps or CXps, respectively. While
many of those inflated explanations are valid, some may have
a high degree of redundancy, which is often undesirable in
practice. Therefore, the goal of explanation inflation is (i) to
expand the intervals included in an iAXp as much as possible
and (ii) to shrink the intervals included in an iCXp as much as
possible, providing the most general way of (i) ensuring the
prediction and (ii) breaking it, respectively. The above propo-
sition establishes a duality between inflated AXps and CXps
assuming they are inflated in the most sensible way, with no
redundancy involved, hence the requirement G; N IE; = ().

Proposition 1 forms the foundation of the algorithm pro-
posed in this work for computing a maximum size inflated ab-
ductive explanations inspired by the earlier work in the area of
implicit hitting set enumeration [Davies and Bacchus, 2011;
Ignatiev et al., 2015; Saikko e al., 2016].

2.3 SAT and MaxSAT

We assume standard definitions for propositional satisfiability
(SAT) and maximum satisfiability (MaxSAT) solving [Biere
et al., 2021]. The maximum satisfiability (MaxSAT) problem
is to find a truth assignment that maximizes the number of
satisfied propositional formulas in a clausal form (i.e. CNF
formula). There are a number of variants of MaxSAT [Biere
et al., 2021, Chapters 23 and 24]. We will be mostly inter-
ested in Partial Weighted MaxSAT, which can be formulated
as follows. The input WCNF formula ¢ is of the form (H, S)
where H is a set of hard clauses, which must be satisfied, and
S is a set of soft clauses, each with a weight, which represent
a preference to satisfy those clauses. Whenever convenient,
a soft clause ¢ with weight w will be denoted by (¢, w). The
Partial Weighted MaxSAT problem consists in finding an as-
signment that satisfies all the hard clauses and maximizes the
sum of the weights of the satisfied soft clauses.

2.4 Related Work

Logic-based explanations of ML models have been studied
since 2018 [Shih et al., 2018], with recent surveys summa-
rizing the observed progress [Marques-Silva and Ignatiev,
2022; Marques-Silva, 2022; Darwiche, 2023; Marques-Silva,
2024]. However, the study of logic-explanations in Al can at
least be traced to the late 1970s and 1980s [Swartout, 1977;
Swartout, 1983; Shanahan, 1989].

Inflated explanations are more general explanations than
AXps. This has been recognized in the earlier work in model-
agnostic explainability (Anchor [Ribeiro et al., 2018]) and in
the formal explainability [Izza et al., 2022; Ji and Darwiche,
2023; Yu et al., 2023a; 1zza et al., 2023b; 1zza et al., 2024b].

Implicit hitting-set algorithms have been used in a wide
range of practical domains [Bailey and Stuckey, 2005;
Chandrasekaran et al., 2011; Davies and Bacchus, 2011;
Previti and Marques-Silva, 2013; Liffiton and Malik, 2013;
Ignatiev et al., 2015; Liffiton er al., 2016; Saikko et al., 2016].
In the case of XAI, implicit hitting-set algorithms, mimicking
MARCO [Liffiton er al., 2016], have been applied in the enu-
meration of abductive explanations [Marques-Silva, 2022]
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but also for deciding feature relevancy [Huang et al., 2023].
Implicit hitting-set algorithms can be viewed as a variant of
the general paradigm of counterexample-guided abstraction
refinement (CEGAR), which was originally devised in the
context of model-checking [Clarke et al., 2003].

Additional recent works on formal explainability for large
scale ML models include [Wu et al., 2023; Bassan and Katz,
2023; Izza et al., 2024a; Izza and Marques-Silva, 2024].
Probabilistic explanations are investigated in [Wildchen et
al., 2021; Izza et al., 2023al. There exist proposals to ac-
count for constraints on the inputs [Gorji and Rubin, 2022;
Yu et al., 2023c]. Moreover, formal feature attribution expla-
nations are proposed in [Yu er al., 2023b; Biradar et al., 2024;
Yu et al., 2024; Létoffé et al., 2025].

3 Tree Ensembles

General TE model. We propose a general model for a tree
ensemble (TE) predictor. As shown below, the proposed
model serves to represent boosted trees [Friedman, 2001],
random forests with majority voting [Breiman, 2001], and
random forests with weighted voting (Scikit-learn [Pedregosa
and et al., 2011]).

A decision tree 1" on features F for classes K is a binary-
branching rooted-tree whose internal nodes are labeled by
split conditions which are predicates of the form x; < d for
some feature ¢ € F and d € D, and leaf nodes labelled by
aclass ¢ € KC. A path R, to a leaf node n can be considered
as the set of split conditions of nodes visited on the path from
root to n.

A tree ensemble ¥ has n decision trees, 71, ...,T,. Each
path R; in each decision tree Ty is assigned a class c¢l(1) (cor-
responding to the class of the leaf node it reaches) and a
weight w;. Given a point v in feature space, and for each
decision tree T3, with 1 < ¢ < n, there is a single path R;,_,
that is consistent with v in tree 7;. The index k ; denotes
which path of T} is consistent with v.

For decision tree 73, and given v, the picked class is de-
noted cl(ky ;) and the picked weight wy, ,. For each class
¢ € K, the class weight will be computed by,

W(e,v) = Z;l if ¢ = cl(ky.;) then wy, , else 0

Finally, the picked class is given by,
k(v) = argmax ¢ {W(c,v)}

Boosted trees. In a boosted tree (BT), and given a point in
feature space, class selection works as follows: each tree is
pre-assigned a class c (all leaves have the same class c¢) and
returns a weight; the weights of each class are summed up
over all trees, and the class with the largest weight is picked.

Random forests with majority voting. In a random forest
(RF) with majority voting (RFmv), and given a point in fea-
ture space, each decision tree picks a class; the final picked
class is the one picked by most trees. Note that to represent
an RFmv in our general TE model, we set the weights of the
leaf nodes to 1.

Example 3. Figure I shows an example of a RFmv of 3 trees,
trained with Scikit-learn on Iris dataset. Consider a sample
v = (6.0, 3.5,1.4,0.2) then the counts of votes for classes 1—
3 are, resp., W(c1,v) = 2 (votes of Ty and Ts), W (ca,v) =
1 (vote of T1), and W (c3,v) = 0. Hence, the predicted class
is c1 (“Setosa”) as it has the highest score.
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sepal.length <= 5.55? N
yes no yes,

(sepal.width <= 2.75?) (petal.width <=1.557)
yes o yes 0

Versicolor Setosa Versicolor Virginica

no

petal.width <= 1.65?

yes no

Versicolor Virginica

no F yes,

petal.length <= 4.75?

yey 0

Versicolor Virginica

Figure 1: RF with majority votes (RFmv). In the running examples, classes “Setosa”, “Versicolor” and “Virginica” are denoted, resp., class
c1, c2 and cs, and features sepal.length, sepal.width, petal.length and petal.width are ordered, resp., as features 1-4.

Random forests with weighted voting. In an RF with
weighted voting (RFwv), and given a point in feature space,
each tree picks a weight for a chosen selected class; the final
picked class is the class with the largest weight.

Explanation encoding for TEs. Recent advances have ap-
plied logic-based approaches to explain tree ensembles (BTs
and RFs), where a primary challenge lies in reasoning ef-
ficiently over the aggregate output of a large ensemble of
decision trees. Hereinafter, we build on the recent proposi-
tional encodings of RFs [Izza and Marques-Silva, 2021] and
BTs [Ignatiev et al., 2022], which translate the ensemble vot-
ing to a SAT formula with cardinality constraints for RFmv
or a set of MaxSAT queries expressing pseudo-Boolean con-
straints for BT.

Roughly, given a tree ensemble ¥ defining classifier k,
for each feature ¢ € JF we can define the set of split
points S; C D, that appear for that feature in all trees, i.e.
S; = {d | z; < d appears in some tree T3, ... T}, }. Suppose

8i1,8i2y -, SMS”] are the split points in S; sorted in in-
creasing order. Using this we can define set of disjoint inter-
vals for feature i: I{ = [min(ID;), s;.1), I5 = [si1,8i2)s -+ -»
I, 141 = [8i,18;), max(D;)] where D; = TUIZU- - -Ul[g | 4.
Later, we utilize Boolean variables [z; < d],d € S; for
each feature 7+ € F. The key property of a TE is that
Vx € Iel1 X 1622 X+ X I s.t. e; is defined as the interval in-
dex for feature ¢ which includes the value of v, i.e. v; € Iéw
then we have x(x) = k(v) = c¢. That is we only need to
reason about intervals rather than particular values to explain
the behaviour of a tree ensemble. As a result, the AXp (resp.
CXp) extraction boils down to finding a subset-minimal sub-
set X € F s.t. (1) holds (resp. (2) holds).

(A unified MaxSAT encoding of TE models — capturing
RFwv, RFmv and BT — is outlined in [Izza ef al., 2025].)

4 Most General Explanations

Let us assume a tree ensemble ¥ and features i € F are
numerical. Hence, for each feature we obtain a set of in-

tervals {I1,...,I,} such that (U" I]-) = ;. Assuming

=1
the domain D; is finite, we can define the proportion size of
an interval I; for feature ¢ as prop;(I;) = %l/|p;|. For in-
finite domains ID; we treat its size as |D;| = max{v; | v €

T} —min{v; | v € T} where T is the training set used to train
the TE. We can alternatively define the data proportion size
of an interval I; for feature ¢ as data, (I;) = WET | vi€l;}/|T|
which give the proportion of the training data that appears in
the interval. We can extend both size definitions to work on
interval E; for feature ¢ in the natural manner: prop;(E;) =

le CE, prop;(I;), and data;(E;) = le CE, data;(I;).

5466

We can now compute the size of a region E covered
by an inflated explanation (X,E) as either prop(E) =
IL;c Fprop; (Ez) or data(E) = Hie;datai(Ei). Either of
these can be used to define the size measure s(IE).

Note that in the context of explanation inflation, excluding
afeature ¢ € F from an explanation (X, E) can be seen as ei-
ther removing it from X or, equivalently, as setting E; = D);.
For this reason, hereinafter we denote iAXp’s as (X, E) or E
interchangeably. In order to compute maximal size explana-
tions, it will be convenient to compute instead the logarithm
of the size of an explanation, thus replacing product by sum.
Namely, We define the feature space coverage of an expla-
nation E, F'SC,(E) as the log of the size of the explanation
using size function s:

FSC,(E) = log[].__s(E:) =) _(logs(E)) (5)

One key observation is that (5) assumes a uniform distri-

bution over E. However, we emphasize that the (training)
data distribution can be seamlessly incorporated into F'SC
by weighting the interval scores E; according to their proba-
bility distribution.
Maximum inflated explanation (Max-iAXp). Given an
explanation problem (M, (v, ¢)) and a size metric s, a max-
imum inflated abductive explanation (X,E) defines the in-
tervals for all the features ¢ € X, such that the following
conditions hold,

(X,E) € A(E) (©)
V(E' C F).(X,E) ¢ A(E) v FSC,(E') < FCS,(E) (7)

In other words, (X, E) is a correct inflated AXp for the expla-
nation problem &, and there is no other correct inflated AXp,
which has a region E’ with a larger size under F'SC.

Implicit hitting dualization algorithm. We devise an
algorithm inspired by the implicit hitting set dualization
paradigm [Bailey and Stuckey, 2005; Chandrasekaran et al.,
2011; Davies and Bacchus, 2011; Liffiton and Malik, 2013;
Ignatiev et al., 2015; Saikko et al., 2016] for computing maxi-
mum inflated AXps. The idea is to use an oracle that searches
for explanation candidates E and a second oracle that checks
if E is an iAXp. The latter solver deals with the encoding
of the prediction function of the TE and checks if (3) holds
for the candidate E (in which case it is indeed an iAXp), and
reports a counterexample otherwise. The former oracle, i.e.,
guessing candidate [, encodes a MaxSAT problem where the
objective function to maximize is (5) and the hard constraints
are representing the intervals [E;. Next, we will describe in
detail the encoding that allows computing a minimum hitting
set E of all iCXp’s maximizing F'SC,(E).

At each iteration of the algorithm, we obtain a range E
where for each feature i, E; C D;, E; = Ul<j<u I; ( s.t.
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Algorithm 1 Computing maximum inflated AXp for TE

Input: Expl. prob. £ = (M, (v, c)); WCNF (H, S)
Output: One Max-iAXp (X, E)

repeat
(1, 8) < MaxSAT(H, S)
E {U<jcu L5 |V(; 0 € S)-1ly;,) = 1}
X« {ie F||E] < |D;|}
hasCEx <+ -WiAXp(&; X, E)
if hasCEx = true then
(¥, G) + FindiCXp(&; F,E)
H + H U newBlockCI(Y,G)
until hasCEx = false
return (X, E)

SO XN E W

—

I]Z- = [Si,la si,u) ) and v; € [E;. We construct £ and check if it
is an iAXp, i.e. there is no adversarial example.

Observe that it is sufficient to show [E is not a Weak iAXp to
prove the existence of a CXp in [E — (4) holds — by using any
encoding of the TE to find a solution in x € E where x(x) #
c. This is achieved by fixing the Booleans of the TE encoding
implied by the candidate explanation E, i.e. [x; < d] = T
when d < sup(E;) and [z; < d] = L when d > inf(E,;),
and maximizing S, . for all ¢ # c. If we find a solution
with S; » > 0 this is an adversarial example. If the oracle
encoding the TE decides (3) to be false, that is it finds an
adversarial example, then we reduce the adversarial example
intoa CXp Y C F (or inflated CXp (), G) and block it in the
hitting set oracle such that the next candidate hits this CXp.
Otherwise, the oracle reports (3) to be true, subsequently we
conclude that [E meets the conditions (6)—(7). Pseudo-code
for the algorithm is shown in Algorithm 1.

A consequence of the MHS duality between iAXp’s and
iCXp’s [1zza et al., 2024b] is that the checker oracle reports
a new candidate to be an iAXp and the algorithm terminates
before the hitting set oracle exhausts hitting sets to enumer-
ate. Moreover, it is clear that the hitting set oracle finds the
largest unblocked interval for each iteration that maximizes
the score of the objective function F'SC,(E). Also, note that
at the first iteration, as the oracle does not know anything
about the model (no blocked subdomains yet), it will cover
all the feature space (all features are free). Finally, as a sim-
ple improvement of the approach, one can compute initially
iCXp’s of size 1 and block those adversarial regions at the
beginning, before entering the hitting set enumeration loop.

Generally, as Algorithm 1 exploits the ideas of implicit
hitting set dualization, it shares the worst-case exponential
number of iterations with the rest of this paradigm’s instantia-
tions. Note that the number of iterations here grows exponen-
tially not only with respect to the number of features as in the
standard smallest-size AXp extraction [Ignatiev et al., 2019b;
Ignatiev ef al., 2020] but also on the feature domain size.

Naive MaxSAT encoding. What remains to explain is how
we encode the candidate enumeration process as a MaxSAT
problem (7, S), and how we create the blocking clauses.

We create Boolean variables yllu to represent the interval
E;, = Ulgjgulj. Note that we can restrict to cases where
l < e; < u since any iAXp must include the interval of the
example being explained e; for each feature ¢. Importantly,
we can define the log of the weight of each interval wl"’u =
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log(D 1< j<u s(I7)). In order to use MaxSAT we need to fix
the entire interval for feature 7 so that the resulting objective is

asum. Hence we generate O(|S;|?) Booleans for each feature
1.

Notation Role
Yiw Boolean variable encoding an interval E; = Uj<j<, I} of feature i
[E: 21,1 Boolean variable to test if a sub-interval I} , is (not) in E;

Boolean variable encoding the lower bound of an interval E;
Boolean variable encoding the upper bound of an interval E;

[t: > si5]
[ui < sij]
wy , Denotes the weight of an interval E; = Ulgjgulf of feature i
FSC,(E)  Explanation coverage function FSC,(E) = 3, - wj ,y; ,
to maximize

Table 1: Outline of variables/notations declared in the encodings.

The only hard clauses H of the MaxSAT model encode the
cardinality constraints

VzE-FZlngeiSug‘Sil+1 yl;u = ( )

enforcing that for each feature at most one interval covering
the instance to be explained is selected. The soft clauses S of

the MaxSat model are (yl’u, wl’u) indicating our objective is
to maximise Y, » wf .y , = FSCs(E).

Example 4. Consider the feature i = 4, petal.width of the
RF of Figure 1, then Sy = {0.75,1.55,1.65} and we as-
sume Dy = [0,3]. This defines 4 intervals I} = [0,0.75),
I3 = [0.75,1.55), I§ = [1.55,1.65), I§ = [1.65,3]. If we
are explaining the instance from Example 3 then the interval
where the instance sits is e4 = 1 since petal.width = 0.2.
We construct Booleans yil, y‘iQ, yfg, yi‘l representing E4
as one of [0,0.75), [0,1.55), [0,1.65), [0,3]. We require at
most one yl47u to be true, and give them weights defined by the
interval weight FSCS(IZ%U).

A solution to the MaxSAT model assigns exactly one in-
terval to each feature, thus defining a candidate explanation
E. Optimality of the MaxSAT solution means it will be the
candidate explanation of largest total size.

We use the TE MaxSAT model to determine if E include
a counterexample. If this fails then E is an iAXp, and by the
maximality of size it is the maximum inflated AXp. Other-
wise, we have a counterexample which we need to exclude
from future intervals.

Assume the TE model, given a candidate explanation E
returns a counterexample, then we have a solution on the
[x; < d] variables, falling within E where x(w) # ¢ for all
w which satisfy these bounds. We can extract a counterex-
ample range G from the solution, where G; = I fl p, given by
a; =max({j +1]j € 1.8 [z; <si;] =L}U{l})and
by =min({j | j € 1.1S;| | [z: < si;] = THU{|S:| + 1}).
We now add clauses to the MaxSAT model to prevent select-
ing candidate explanations that would cover this adversarial
example. Note that if a; < e; < b; then we cannot differ-
entiate the counterexample from the instance being explained
using feature ¢. Hence we want to express the constraint that
E; 2 Ié“bi for at least one ¢ € F where it is not the case that
a; < e < b _

We can express the condition E; 2 I, as the conjunc-
tion A\, nb, <u —|yf7u, since we can no longer choose an in-
terval, which covers the interval of the counterexample. The
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“blocking clause” we add to the MaxSAT model is then the
disjunction ;¢ _ (4, <e: <) Ni<a;nbs<u —yj .- To translate
this into clausal form, we add auxiliary Boolean variables
[E; 2 I}, ] and the clausal encoding of: [E; 2 I} , ] «
/\lgai/\bigu -y ,, and Viey,ﬂ(aigeigbi)[[Ei 2 15, ,.] to the
MaxSAT model.

Example 5. Suppose for explaining the instance of Exam-
ple 3 we find counterexample G corresponding to sample
w = (6.0,3.5,1.4,0.8) which is predicted as Versicolor
and only differs in the petal.width value. For this example
[z4 < 0.75] = Land [xs < 1.55] = T, s0 Gy = I3 ,. We
enforce new variable [E4 2 I3 5] < (=yi o A=yl 3 A=y1 4)s
and add the blocking clause [Ey 2 I3 ,] forcing it to hold.
We can no longer choose these intervals when searching for
iAXp candidate E.

Note that we only add definitions for Booleans [E; 2
I, 4] on demand, that is when they occur in a counterex-
ample. This prevents us creating a large initial model, where
many of these auxiliary Booleans may never be required.
Bounds-based MaxSAT encoding. The above MaxSAT
encoding creates large cardinality encodings (8), and may
generate many Booleans of the form [E; 2 If“’bi]] in order
to block counterexamples. We can do this much more suc-
cinctly using a bounds representation.

Here we introduce Boolean variables to represent the lower
and upper bounds of the interval E;: {[l; > d] | d € S;,d <
min(Z} )} and {[u; < d] | d € S;,d > max(I})}. Note
that we do not need to represent bounds which exclude the
explained instance value for this feature 4, v;. We add to H
the implications [[l, > Si,j+1]] — [[l, > S@j]], 1<j<e;and
[ui <'sigl = [ui <sija] e < <[S].

We define the interval variables y;u using clauses in H en-
coding

Y < [l =siga] Aol > silA

_‘[[Ui < si,u]] A [[UZ < si,qul]]

where [I; > s;0] and [u; < s;g,+1] are both treated as T.
We use the same soft clauses to define the objective as in the
Naive encoding.

Example 6. Encoding feature petal.width we generate only
the bounds [us < 0.75], Juq < 1.55], Jus < 1.65] and im-
plications [uy < 0.75] — [us < 1.55] and Jus < 1.55] —
[us < 1.65], and yi, < Jus < 0.75], yf o < —us <
0.75] A Jus < 1.55], yi 3 > —[us < 1.55] A Jug < 1.65],
and yt ; < —uy < 1.65].

If the test whether E is an iAXp fails, we are given an
(inflated) CXp (¥, G). Adding a blocking clause to the
bounds-based MaxSAT encoding is much simpler. Suppose
G, = Iflhbi where e; ¢ [a;,b;] then if e; < a; we can hit
the iCXp for feature ¢ by enforcing [u; < $; q,-1], similarly
if e; > b; we can hit the iCXp for feature ¢ by enforcing
[l; > sip;]- The blocking clause is the disjunction of these
literals for all ¢ € F where e; & [a;, b;]-

Example 7. Given the same counter example as in Example 5

we have ay = by = 2 and eq = 1, so the blocking clause we
add for the bounds model is simply [uy < 0.75].
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MIP encoding. We can easily rewrite the bounds based
MaxSAT encoding to a mixed integer linear program (MIP
model). All the Boolean variables become 0-1-integer vari-
ables. The implications become simple inequalities, e.g.
[[li > Si7j+1]] — [[lZ > 51}3‘]] becomes [[ll > Si,j+1]] < [[ll >
sij]. The definitions of the interval variables y; , become a
series of inequalities where negation —[ is modelled by 1 — [.
For example the definition of y; , becomes

Z/llu < [l = sii-1]
Yiw < 1=[li=sii]
Yiw < 1=[ui <sial
‘ Yu < i > sius1]
Yut3d = [Li=zsipa]l+1=[lL > s+

1 —[ui < siu] + [li > 5iu+41]
MIP model is to maximize
Eief,lglgei§u§\5i|+1 wy, + Y, Wwhich is completely

analogous to the MaxSAT encoding. The blocking clauses
are also representable as a simple linear inequality.

The objective in the

5 Experiments

This section presents a summary of empirical assessment of
computing maximum inflated abductive explanations for tree
ensembles — the case study of RFmv and BT — trained on
some of the widely studied datasets. Our evaluation aims to
investigate the following research questions:
* RQ1: Are hypercubes representing Max-iAXp explana-
tions much larger than iAXp’s on real world benchmarks?
¢ RQ2: Are the proposed logical encodings scale for prac-
tical RFs and BTs?
* RQ3: Does our algorithm converge quickly to deliver the
optimal explanation?

Experimental Setting. The experiments are conducted on
Intel Core 15-10500 3.1GHz CPU with 16GByte RAM run-
ning Ubuntu 22.04 LTS. A time limit for each tested instance
is fixed to 900 seconds (i.e. 15 minutes); whilst the memory
limit is set to 4 GByte.

The assessment of TEs (RFs and BTs) is performed on
a selection of publicly available datasets, which originate
from UCI ML Repository [UCI, 2020] and Penn ML Bench-
marks [Olson et al., 2017] — in total 12 datasets. Note that
datasets are fully numerical as we are interested in assessing
the proposed FSC coverage metric, which discriminate the in-
tervals given their size. For categorical data, the FSC scores
are the same for all domain values, then it is pointless in our
empirical evaluation to include them. When training RFs, we
used Scikit-learn [Pedregosa and et al., 2011] and for BTs we
applied XGBoost [Chen and Guestrin, 2016].

The proposed approach is implemented in RFxpl! and
XReason? Python packages. The PySAT toolkit [Ignatiev
et al., 2018; Ignatiev et al., 2024] is used to instrument SAT
or/and MaxSAT oracle calls. RC2 [Ignatiev ef al., 2019a]
MaxSAT solver, which is implemented in PySAT, is applied
to all MaxSAT encodings (for the TE operation and hitting
set dualization). Moreover, Gurobi [Gurobi Optimization,
LLC, 2023] is applied to instrument MIP oracle calls using
its Python interface.

"https://github.com/izzayacine/RFxpl
*https://github.com/alexeyignatiev/xreason
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Dataset (m, K) iAXp Max-iAXp Naive MxS Bnd MxS Bnd MIP Cov. Ratio
Len Cov% Time Len Cov% calls Time,., TO,. Time,, TO,. Time,, TO,; avg max

ann-thyroid (21 3) 1.9 2.59 041 1.9 8.94 7.3 23.21 0 10.28 0 2.19 0 3.446 524.711
appendicitis (7 2) 52 530 0.16 4.2 1844 62.7 282.10 19 172.11 11 97.23 0 3.478 4676.519
banknote (4 2) 23 11.84 012 2.2 2411 8.3 428.67 13 266.35 1 20.98 0 2.037  786.040
breast-cancer (9 2) 3.6 15.39 0.12 3.7 2327 120 0.22 0 0.19 0 0.32 0 1.512 5.500
bupa 6 2) 47 039 0.15 4.6 4.20 18.6  58.62 2 38.54 0 13.02 0 10.662 3128.349
car (6 4) 1.6 5242 0.21 1.6 53.61 1.9 0.14 0 0.21 0 0.14 0 1.023 4.167
ecoli (7 5) 39 319 087 338 7.15  19.7 229.92 10 170.17 2 54.23 0 2.238 6350.058
haberman (3 2) 1.6 6.54 008 1.7 8.70 5.0 0.46 0 0.41 0 0.89 0 1.330 11.011
iris (4 3) 21 965 020 2.1 9.85 8.1 0.45 0 0.65 0 0.63 0 1.021 2.302
lupus (3 2) 14 1993 0.08 1.8 26.58 6.4 5.99 0 0.69 0 0.94 0 1.334 114.821
new-thyroid (3 2) 3.1 9.98 0.28 3.2 1262 16.6 199.28 2 26.35 0 8.56 0 1.263 6048.512
wine-recog (13 3) 11.2 1.51 0.27 4.3 3.49 140.7  88.03 22 366.51 20 196.06 0 2.318  364.379

Table 2: Performance evaluation of computing maximum inflated AXp’s for RFmv. For each dataset, we randomly pick 25 instances to test.
Max-iAXp reports the average explanation length, coverage (in %) and MaxSAT oracle calls in Algorithm 1. Naive MxS, Bnd MxS and Bnd
MIP report the average runtime for computing Max-iAXp and total timeout tests, resp., for naive MaxSAT, Bounds-based MaxSAT and MIP
encodings. Column Cov. Ratio reports, resp., the average and maximum ratio between domain coverage of Max-iAXp and iAXp. Coverage
ratios higher than a factor of 2 are highlighted in bold text and Max-iAXp coverages greater than 10% are highlighted in grey.

RQ1. Table 2 shows the coverage size of Max-iAXp and
baseline iAXp explanations, for the case study of RFmv tree
ensembles. For a more fine-grained evaluation, we compare
the scalability of the proposed logical encodings, i.e. naive
and bound-based MaxSAT encodings as well as MIP encod-
ing in Table 2. As can be observed from Table 2, the average
domain coverage of Max-iAXp’s is at least twice and up to 10
times, larger than the average coverage of iAXp’s for a half of
datasets while it is fairly superior for the remaining datasets.

Interestingly, we observe that the maximum ratio between
feature space coverage offered by Max-iAXp and iAXp can
be extremely high for the majority of benchmarks (e.g. 3128
to 6048 times wider in appendicitis, ecoli, bupa and new-
thyroid) with a few exceptions on smaller datasets (e.g.
breast-cancer, car and iris, resp. showing a ratio of 5.5, 4.1
and 2.3). Furthermore, the average lengths of iAXp and Max-
iAXp remain consistently close, even when there is a large
gap in coverage scores, and very succinct w.r.t. input data
(e.g. ~ 6.6% in ann-thyroid).

RQ2 & RQ3. Performance-wise, we observe a substantial
advantage of MIP oracle (Gurobi) over MaxSAT (RC2) de-
spite the fact they use essentially the same formulation of the
problem. Although there may be various reasons for this phe-
nomenon, the hitting set problem seems to be more amenable
to MIP solvers as they can take advantage of multiple efficient
optimization procedures, including linear relaxation, branch-
and-bound methods augmented with cutting planes resolution
as well as both primal and dual reasoning. On the contrary,
RC2 is a core-guided MaxSAT solver designed to handle op-
timization problems that are inherently Boolean, which is the
case for the TE encoding we used in our work where RC2
shines. As the results demonstrate, our approach empowered
with Gurobi is able to deliver explanations within ~33 sec for
the average runtime for all the considered datasets (and a min.
(resp. max.) of 0.14 sec (~3 min)), and able to terminate on
all tests, whilst RC2 gets timed out on 4 datasets (particularly
for wine-recog in 20 out of 25 instances).

Although computing iAXp’s in general tends to be faster
than Max-iAXp (which is not surprising), applying our ap-
proach to computing Max-iAXp is worthwhile when most
general explanations are of concern. This is underscored by
the fact that the approach is shown to scale. Finally, the

Dataset iAXp Max-iAXp Cov. Ratio
Cov% Time Cov% calls Time,; avg max
ann-thyroid 1.34 027 17.77 2.0 156 13.27 59.4
appendicitis 6.59 0.09 24.26 104 0.90 3.68 587.7
banknote 18.21 1.13 21.33 5.5 15.86 1.17 22.3
breast-cancer 0.38 1.14 2.21 179 10.61 5.81 131.6
bupa 0.49 126 2.78 20.6 18.92 5.63 98379.4
car 26.54 0.14 26.91 2.2 0.18 1.01 22.5
ecoli 292 6.88 529 17.8 83.84 1.81 743.8
haberman 1.40 0.56 2.71 6.0 3.30 1.93 36.2
iris 20.63 0.13 22.29 3.2 0.38 1.08 22.5
lupus 16.56 0.07 19.47 3.6 0.28 1.18 7.7
new-thyroid 4.63 0.41 7.39 9.7 273 1.60 246.7
wine-recog 6.18 0.26 14.02 16.1 3.80 2.27 212.8

Table 3: Performance evaluation of computing Max-iAXp’s of BTs.

improved bounds-based variant of the approach (both with
MaxSAT and MIP) is clearly superior to the naive proposi-
tional encoding in terms of the overall performance.

Table 3 reports the results of Max-iAXp for BTs focusing
solely on MIP encoding. Similarly to RFs, we observe large
Max-iAXp explanation coverage for most of the benchmarks,
where 8/12 datasets show 12% to 53% coverage of the total
input space. Additionally, we observe a net superiority of av-
erage coverage of Max-iAXp over iAXp with a factor of 2 up
to 13 for 5/12 datasets. Overall, these empirical results val-
idate the effectiveness and explanatory wide-ranging of our
framework in explaining TEs.

6 Conclusions

This paper takes a step further in the quest of finding most
succinct and general explanations for (complex) ML models.
This is achieved by formalizing the concept of maximum in-
flated abductive explanation (Max-iAXp), which can be con-
sidered as the most general abductive explanations. Further-
more, the paper proposes an elegant approach for the rig-
orous computation of maximum inflated explanations, and
demonstrates the broader coverage of such explanations in
comparison with maximal (subset) inflated abductive expla-
nations. The experimental results validate the practical inter-
est of computing maximum iAXp explanations.
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