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Abstract
The move-acceptance hyper-heuristic was recently
shown to be able to leave local optima with aston-
ishing efficiency (Lissovoi et al., Artificial Intelli-
gence (2023)). In this work, we propose two modi-
fications to this algorithm that demonstrate impres-
sive performances on a large class of benchmarks
including the classic CLIFFd and JUMPm function
classes. (i) Instead of randomly choosing between
the only-improving and any-move acceptance op-
erator, we take this choice via a simple two-state
Markov chain. This modification alone reduces the
runtime on JUMPm functions with gap parameter m
from Ω(n2m−1) to O(nm+1). (ii) We then replace
the all-moves acceptance operator with the opera-
tor that only accepts worsenings. Such a, counter-
intuitive, operator has not been used before in the
literature. However, our proofs show that our only-
worsening operator can greatly help in leaving local
optima, reducing, e.g., the runtime on Jump func-
tions to O(n3 log n) independent of the gap size.
In general, we prove a remarkably good runtime
of O(nk+1 log n) for our Markov move-acceptance
hyper-heuristic on all members of a new benchmark
class SEQOPTk, which contains a large number
of functions having k successive local optima, and
which contains the commonly studied JUMPm and
CLIFFd functions for k = 2.

1 Introduction
Selection hyper-heuristics are black-box optimization heuris-
tics that function by combining different low-level heuris-
tics. They were first used to solve difficult scheduling prob-
lems [Cowling et al., 2000], but then quickly found numerous
other applications [Burke et al., 2013; Drake et al., 2020].

The mathematical runtime analysis of hyper-heuristics has
started around ten years ago [Lehre and Özcan, 2013], pre-
dominantly discussing the impact of selecting different vari-
ation operators [Doerr et al., 2018; Lissovoi et al., 2020].
More recently, hyper-heuristics having the choice between

∗An extended version of this manuscript, including appendices,
can be accessed on the arXiv repository.

different acceptance operators were studied (although a first
result can already be found in [Lehre and Özcan, 2013]). In
particular, [Lissovoi et al., 2019; Lissovoi et al., 2023] have
shown that switching between an elitist selection (the only-
improving operator OI) and accepting any new solution (the
all-moves operator AM) can give excellent results. Specif-
ically, they show that the move-acceptance hyper-heuristic
(MAHH) can optimize the CLIFFd benchmark defined on bit-
strings of length n in time O(n3), whereas comparably sim-
ple elitist evolutionary algorithm need time Ω(nd); here d is
a difficulty parameter of the benchmark that can range from
2 to n. A similar lower bound was shown for the Metropolis
algorithm [Doerr et al., 2023b].

However, such performance gains seem to heavily depend
on the particular problem to be optimized. For the jump
benchmark with difficulty parameter m, simple evolutionary
algorithms find the optimum in expected time O(nm) [Droste
et al., 2002], but the MAHH needs Ω(n2m−1) [Doerr et al.,
2023a] (for constant m).

In this work, we propose two new ideas that help hyper-
heuristics to leave local optima, and greatly improve their
performance. We also observe that the proposed modifica-
tions resolve the difficulties detected in [Doerr et al., 2023a].
(i) From studying the proofs in [Doerr et al., 2023a], we ob-
serve that the use of the random mixing strategy, that is, using
the all-moves operator in each iteration independently with
some probability p, is problematic. The probability p has to
be small to allow for a sufficiently strong drift towards the
optimum, but leaving a local optimum with radius m requires
m− 1 successive uses of the AM operator, which contributes
a factor of pm−1 to the probability of successfully leaving
the local optimum. To mitigate the influence of the required
small rate of AM operator uses, we design a simple two-state
Markov chain governing the selection of the operators. In
other words, for each of the two acceptance operators, we
have a switching probability. In each iteration, we use this
value to decide whether we should switch to the other oper-
ator or continue with the current operator. By taking a value
such as 1/2 for the probability of switching away from the
AM operator, longer stretches of using this operator become
more likely, which eases the leaving of local optima with
larger basins of attraction. We call the resulting algorithm
Markov move-acceptance hyper-heuristic (MMAHH). As an
example of the usefulness of this approach, we show that
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the MMAHH choosing the two operators OI and AM (with
the long-term rates of the operators as in previous works)
optimizes JUMP functions in time O(nm+1), a considerable
speed-up from Ω(n2m−1). We note that in general this way
of choosing between operators has been used before, but to
the best of our knowledge no mathematical runtime result has
been shown, and it has not been used in conjunction with ac-
ceptance operators until now.

We then propose the only-worsening (OW) acceptance op-
erator. It accepts the new solution only if it is strictly worse
than the parent. While this operator contradicts the idea of
incremental optimization, in our context it is less counter-
intuitive than what appears at first. We recall that the main
working principle of the AM operator exploited in previous
works is that it allows the algorithm to leave local optima.
For this aim, searching for inferior solutions is, in fact, a log-
ical approach. This intuitive consideration is supported by
our mathematical runtime analysis, which in particular shows
that the MMAHH with the two acceptance operators OI and
OW optimizes any JUMP and CLIFF function in expected
time O(n3 log n). We extend this result to a new benchmark
called SEQOPTk, which consists of a broad class of pseudo-
Boolean functions having k local optima that in particular in-
cludes the classic ONEMAX, JUMP, CLIFF, and TRAP bench-
marks. We show that our MMAHH optimizes any function
in SEQOPTk in expected time O(nk+1 log n).

With this work, we introduce two new ideas for the de-
sign of effective move-acceptance hyper-heuristics. We be-
lieve that in particular, the only-worsening operator to leave
local optima, could give rise to further theoretical study and
possibly the design of new benchmarks designed to test its
limits. We furthermore hope that future consideration of our
SEQOPTk benchmark enables a joint observation of the ef-
fectiveness of hyper-heuristics that subsumes results on the
different commonly studied JUMP and CLIFF benchmarks.

2 Preliminaries
In this section, we briefly recall the classic benchmark prob-
lems relevant for this work, define our new benchmark
SEQOPTk, define our Markov move-acceptance hyper-
heuristic, the only-worsening acceptance operator, and pro-
vide the tools to analyze our hyper-heuristics.

2.1 Benchmarks
As standard in the theory of randomized search heuris-
tics [Neumann and Witt, 2010; Auger and Doerr, 2011;
Jansen, 2013; Zhou et al., 2019; Doerr and Neumann, 2020],
we regard pseudo-Boolean optimization problems, that is,
we aim at maximizing functions f that map bit-strings x ∈
{0, 1}n with a fixed positive length n ∈ N>0 = {1, 2, 3, . . .}
to a numerical value f(x) ∈ R. When using asymptotic no-
tation, this shall always be for n→∞.

Well-known examples of such functions in the theory lit-
erature include the following ONEMAX, TRAP, CLIFFd and
JUMPm benchmarks.

For a bit-string x = (x1, . . . , xn) ∈ {0, 1}n, let ∥x∥1 =
x1 + x2 + · · · + xn denote the number of ones in x. The
following functions are standard benchmarks in the theory of

randomized search heuristics.

ONEMAX : x 7→ ∥x∥1;

CLIFFd : x 7→
{
∥x∥1, if ∥x∥1 ≤ n− d;
∥x∥1 − d+ 1

2 , otherwise;

JUMPm : x 7→
{
m+ ∥x∥1, if ∥x∥1 ∈ [0..n−m] ∪ {n};
n− ∥x∥1, otherwise.

Here d ∈ [1..n−1] and m ∈ [1..n] are difficulty parameters of
the CLIFF and JUMP benchmark. The completely deceptive
function JUMPn is also called TRAP. All these functions have
x∗ = (1, . . . , 1) as unique global optimum (maximum), and
all are functions of unitation, that is, the objective value of a
solution depends only on the number of ones. This motivates
the definition of the k-th layer as

Lk := {x ∈ {0, 1}n | H(x, x∗) = n− ∥x∥1 = k}

for k ∈ [0..n], where we used H(·, ·) to denote the Hamming
distance of two bit-strings. Note that Lk is the set of all bit-
strings at distance k from the global maximum x∗, that is, the
numbering starts at the global optimum.

All benchmarks above also have the property that they are
composed of intervals of layers in which the function is only
increasing or only decreasing; for JUMPm and CLIFFd these
intervals have lengths 2, m−1, and n−m+1. In the following
two definitions, we extend this property to arbitrary interval
numbers and lengths and obtain the very general benchmark
SEQOPTk, having k successive local minima and maxima.
Definition 1 (Monotonicity across layers). Let h ∈ [0..n −
1] and f : {0, 1}n → R. We say that f is increasing (resp.
decreasing) between layers Lh+1 and Lh if for any x ∈ Lh

and y ∈ Lh+1 we have

f(x) > f(y) (resp. f(x) < f(y)).

We denote this by Lh

f
≻ Lh+1 (resp. Lh

f
≺ Lh+1).

Definition 2 (The SEQOPT benchmark). Let n ≥ 2, k ∈
[0..n − 2] and d0 = n > d1 > d2 > · · · > dk > dk+1 = 0
be integers. We define SEQOPTk(d1, . . . , dk) to be the set of
all functions f : {0, 1}n → R such that

(i) x∗ = (1, . . . , 1) is the unique global maximum of f ,
(ii) for any ℓ ∈ [0..k], if k − ℓ is even then

Ldℓ

f
≺ · · ·

f
≺ Ldℓ+1

,

and if k − ℓ is odd, f satisfies

Ldℓ

f
≻ · · ·

f
≻ Ldℓ+1

.

The union of these classes of functions, for fixed k, will
be denoted by

SEQOPTk =
⋃

n>d1>···>dk>0

SEQOPTk(d1, . . . , dk).

Note that we have ONEMAX ∈ SEQOPT0, TRAP ∈
SEQOPT1(1), CLIFFd ∈ SEQOPT2(d, d − 1) and, for
m < n, JUMPm ∈ SEQOPT2(m, 1).
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OI OW1− p 1− q

p

q

Figure 1: Transition probabilities between the two operators of the
MMAHH, here OI and OW.

2.2 The Markov Move-Acceptance
Hyper-Heuristic

We now introduce a novel algorithm called the Markov Move-
Acceptance Hyper-Heuristic algorithm (MMAHH). We re-
call that the Move-Acceptance Hyper-Heuristic algorithm
(MAHH) first proposed in [Lehre and Özcan, 2013] and then
intensively studied in [Lissovoi et al., 2023] is a simple ran-
domized local search heuristic which randomly mixes be-
tween the OI and AM operators, that is, in each iteration in-
dependently is chooses between the AM operator (with some,
usually small, probability p) and the OI operator (with prob-
ability 1− p).

From studying the proof of the unsatisfactory Ω(n2m−1)
runtime bound for this algorithm on the JUMPm benchmark,
we learn that the main reason for this negative performance is
the low probability of having m − 1 consecutive uses of the
AM operator, which stems from the independent choice of
the operators. To allow for longer phases of using the same
operator, our MMAHH leverages a simple 2-state Markov
chain to govern the selection of the acceptance operators. In
other words, if the current operator is OI, this operator is kept
for the next iteration with probability 1 − p, but changed to
AM with probability p. The switching probability from AM
to OI is denoted by q. See Algorithm 1 for the pseudocode
of the MMAHH, where the MARKOV operator refers to sam-
pling the Markov chain illustrated in Figure 1.

We also introduce a new acceptance operator, only-
worsening (OW), to substitute the ALLMOVES (AM) opera-
tor. This new operator works in the same fashion as the well-
known ONLYIMPROVING (OI) acceptance operator except
that OW only accepts worsening moves, i.e., moves decreas-
ing the function value. The idea of this, counter-intuitive,
operator is to speed-up leaving local optima. When studying
the previous runtime analyses for the MAHH, we see that
they profit from the AM operator in that it allows the algo-
rithm to leave local optima. If this is the target, then the OW
operator should be even better suited, and this is what we will
observe in this work.

2.3 Notation for the Analysis of the MMAHH
Throughout this work, we denote by xt, yt and st, respec-
tively, the current solution at time t, its Hamming distance
to x∗ (i.e., yt = H(xt, x

∗)), and the move-acceptance op-
erator used at time t. We initialize with a random solution
x0 ∼ U({0, 1}n) and s0 = OI. We always denote by
f : {0, 1}n → R the function to be maximized. Moreover,
the transition probabilities from OI to OW and OW to OI
will be denoted respectively by p and q with 0 < p, q < 1.

Symbol Meaning
T The first hitting time of x∗

T
(k)
s The starting time of the k-th phase
p, q Transition probabilities of the Markov chain
Zk The length of the k-th phase
f A function with a unique global maximum
x∗ The global maximum of f , x∗ = {1}n
xt The bit-string during the t-th iteration
yt The Hamming distance to x∗ at time t
st The move-acceptance operator at time t
x0 The initial bit-string, x0 ∼ U({0, 1}n)
s0 The initial move-acceptance operator, s0 = OI

Table 1: Table of Notation.

T
(0)
s T

(1)
s T

(2)
s T

(3)
s T

(k∗−1)
s T

(k∗)
s

T

Z0

s0

Z1

s1

Z2

s2 . . . . . .

Zk∗−1

sk∗−1

Figure 2: A generic setting, depicting the phases (red or blue), their
length (Zk)k∈N, the switching times (T

(k)
s )k∈N and the stopping

time T occurring during the phase k∗.

We call T := inf{t ≥ 0 | xt = x∗} the runtime, that is, the
first time we reach the global maximum. Let T (k)

s denotes the
k-th switching time between the operators. Hence T

(0)
s = 0

and for any k ≥ 0, we have T
(k+1)
s = inf{t ≥ T

(k)
s | st ̸=

s
T

(k)
s
}. We also define Zk = T

(k+1)
s − T

(k)
s to be the length

of the k-th phase, where a phase is a (maximum) time interval
in which the same operator is used.

This notation is summarized in Table 1 and illustrated in
Figure 2.

Algorithm 1: The Markov move-acceptance hyper-
heuristic with the acceptance operators OI and OW.

1 Initialization:
2 t← 0
3 x0 ∼ U({0, 1}n), a uniformly sampled bit-string
4 s0 ← OI

5 while true do
6 x′ ← RAMDOMONEBITFLIP(xt)
7 if st = OW and f(x′) < f(xt) then
8 xt+1 ← x′

9 else if st = OI and f(xt) < f(x′) then
10 xt+1 ← x′

11 st+1 ← MARKOV(st)
12 t← t+ 1

2.4 Tools for the Analysis of the MMAHH
We now develop the tools we need to analyze the MMAHH.
Unfortunately, the generality of the Markov chain of our setup
disallows the use of the methods previously employed in the
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analysis of the MAHH, which were mostly drift arguments
based on the fitness of the current solution. Nonetheless, with
some mathematical effort, we manage to obtain very precise
estimates of the quantities of interest.

Probability of improvement in one phase. We start by
computing the probabilities that a single phase of OI usages
leads to a certain fitness improvement. From the way we con-
structed the Markov chain, the length Zk of each phase is
independent from the solution x

T
(k)
s

it starts with (and hence
its fitness y

T
(k)
s

), and follows a geometric law.
For 0 ≤ h, k ≤ n, let phk = Pr[y

T
(1)
s
≤ h | y0 = k, s0 =

OI] denote the probability to reach Lh in one OI phase when
starting in state OI in Lk, assuming that we optimize the
ONEMAX benchmark. The following computation of these
probabilities is a cornerstone of our analysis.

Lemma 3. For all 0 < p < 1 and 0 ≤ h, k ≤ n, we have

phk =

1, if k ≤ h;
1

1−p

Γ(k+1)Γ( np
1−p+h+1)

Γ(h+1)Γ( np
1−p+k+1)

, otherwise.

The next key lemma shows that p = Θ( 1
n log(n) ), that is, a

quasi-linear length of the OI phase, suffices to have a constant
probability p0n to optimize ONEMAX in one OI phase even
when starting in the all-zero string.

Lemma 4. Let c > 0 be a constant and let p = 1
cn log(n) .

Then p0n = (1 + o(1))e−1/c.

From a simple domination argument, exploiting that our
hyper-heuristics have to visit all intermediate levels, we im-
mediately obtain the following minimality statement.

Lemma 5 (Minimality of p0n). For all 0 ≤ h, k ≤ n, we have
phk ≥ p0n.

As OI and OW operators work in a symmetric fashion,
similar results hold on OW and decreasing moves. More
specifically, given 0 ≤ h, k ≤ n, we have

Pr[y
T

(1)
s
≥ n− h | y0 = n− k, s0 = OW]

=

1, if k ≤ h;
1

1−q

Γ(k+1)Γ( nq
1−q+h+1)

Γ(h+1)Γ( nq
1−q+k+1)

, otherwise.

In particular, when q = Θ( 1
n log(n) ), the probability to climb

down ONEMAX entirely in one phase of OW is Ω(1).
We can further extend Lemma 3 to the SEQOPT bench-

mark. Note that for any k and f ∈ SEQOPTk, for each ℓ
the transition probability between layer Lℓ and Lℓ−1 (resp.
Lℓ and Lℓ+1, when defined), are the same as for ONEMAX,
namely, ℓ

n (resp. n−ℓ
n ). Thus, the computations done in

Lemma 3 still hold for f in regions where f is monotonic
across the layers, as defined in Definition 1.

We further note that, for ONEMAX again, the average num-
ber of pairs of phases of OI followed by OW needed to reach
the optimum is bounded from above by 1

p0
n

, since in the worst
scenario, every phase of OW bring us back to the all-zero
string. Extending this insight again to SEQOPT, we see that

in the quasi-linear regime, reaching a neighboring local opti-
mum starting from a local optimum of any SEQOPT func-
tion only takes O(1) pairs of phases. This particular fact will
be referred as to the one-phase approximation, stated more
formally in the next lemma.
Lemma 6 (One-phase approximation). Let p = Θ( 1

n log(n) )

and q = Θ( 1
n log(n) ). Let f ∈ SEQOPTk(d1, . . . , dk), ℓ ∈

[0..k] and x0 ∈ Ldℓ
. Then the MMAHH algorithm reaches

some x ∈ Ldℓ−1
∪ Ldℓ+1

in O(1) phases on average.

3 MMAHH With OI+AM on Jump
The core objective of this section is to prove that the sole use
of the Markov chain improves significantly the performance
of the MAHH on JUMPm, reducing its average runtime from
Ω
(

n2m−1

(2m−1)!

)
to O(nm+1) as outlined in the next theorem.

To clearly point out the contribution of the Markov chain,
we consider the MMAHH on JUMPm where 1 < m < n

2
using the OI and AM operators, with probability p and q to
choose them respectively (we just replace OW in Figure 1 by
AM).
Theorem 7 (Runtime analysis of the MMAHH on JUMPm
with OI-AM). The time T taken by the MMAHH on JUMPm
with 1 < m < n

2 to reach x∗, using OI and AM, satisfies

E[T ] = O

(
(1 + pn)

(
1

p
+

1

q

)
Nn,m,q

)
,

where Nn,m,q = n + nm

(m−1)!(1−q)m−2 , n ≥ 3 and p, q are
such that m

2(n−2m)

(
q + 4

n

)
≥ p.

Notably, it suffices to have m
2nq ≥ p from where we have:

(i) When p = m
cnq for some c ≥ 2 and q = 1

2 then

E[T ] = O

(
n2 +

2m−2nm+1

(m− 1)!

)
= O(nm+1).

(ii) When p = m
cnq and q = 1

dm where c ≥ 2 and d ≥ 1 then

E[T ] = O

(
n2 +

e1/d nm+1

(m− 1)!

)
= O

(
nm+1

(m− 1)!

)
.

The proof of the theorem relies mainly on drift theorems.
Hence we start by studying the drift in the following lemmas.
Throughout this part, the drift over a phase of AM (resp. OI)
starting in i ∈ [0..n] (denoting the number of zero bits) will
be ∆AM

i (resp. ∆OI
i ) and defined as

∆AM
i = E

[
y
T

(2k)
s
− y

T
(2k+1)
s

| y
T

(2k)
s

= i, s
T

(2k)
s

= AM
]
.

Lemmas 8, 9 and 10 give the drift over a phase of AM, a
phase of OI and a pair AM+OI of phases.
Lemma 8 (Drift over a phase of AM). Let i ∈ [0..n] and an
integer k ≥ 0, the drift over a phase of AM on ONEMAX is

E[y
T

(2k)
s
− y

T
(2k+1)
s

| y
T

(2k)
s

= i, s
T

(2k)
s

= AM]

=
2i− n

2 + q(n− 2)
.
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Lemma 9 (Drift over a phase of OI). Let i ∈ [0..n] and an
integer k ≥ 0, the drift over a phase of OI on ONEMAX is

E[y
T

(2k)
s
− y

T
(2k+1)
s

| y
T

(2k)
s

= i, s
T

(2k)
s

= OI]

=
i

1 + p(n− 1)
.

Lemma 10 (Drift over a pair AM +OI of phases). For any
i ∈ [0..n] and k ≥ 0 an integer, the drift over a phase of AM
followed by a phase of OI on ONEMAX is

E[y
T

(2k)
s
− y

T
(2k+2)
s

| y
T

(2k)
s

= i, s
T

(2k)
s

= AM]

= ∆AM
i +∆OI

(i−∆AM
i )

,

i.e., we can split the drift across two phases and plug the av-
erage position after a phase of AM directly in the drift of a
phase of OI.

Now, the following lemma provides an upper bound on the
average number of phases of AM needed to reach the global
maximum at x∗ = {1}n from a local maximum in layer Lm.

Lemma 11. The probability to reach the global maximum x∗

during a single phase of AM starting from a local maximum
in layer Lm is

Pr[x
T

(1)
s

= x∗ | x0 ∈ Lm, s0 = AM] ≥ (1− q)m−2 m!

nm
.

Let

X∗ = {x ∈ {0, 1}n | ∥x∥1 ∈ {n−m,n}},

the set of (local and global) maxima of JUMPm and we con-
sider the potential

d : x 7→
{
|n−m− ∥x∥1|, if x ̸= x∗;
0, otherwise.

In the next two lemmas, we work out lower bounds on
the drift of the bit-string sequence, distinguishing two cases
based on the landscape of the JUMPm function. In Lemma 12,
we lower bound the drift in the gap region, i.e., at positions
x ∈ {0, 1}n such that n−m < ∥x∥1 < n, directly on the se-
quence (xt)t≥0 using the potential d defined earlier. This re-
sult will provide an upper bound on the average time needed
to climb towards x∗ from a point x0 in the gap region. On
the other hand, Lemma 13 deals with the drift in the region
with the ONEMAX-like slope, i.e., bit-strings x ∈ {0, 1}n
for which 0 ≤ ∥x∥1 < n − m. This time, we work at the
scale of a pair of phases AM+OI since locally, depending on
the current operator OI or AM, the drift might have opposite
signs, notably in the region [n2 ..(n − m)]. To this aim, we
will use Lemma 10 along with the additive drift theorem with
overshooting [Kötzing and Krejca, 2019] to upper bound the
expected time to climb this left slope from an initial point x0.

Lemma 12 (Drift in the gap region). Let x ∈ {0, 1}n with
n−m < ∥x∥1 < n. Then

E[d(xt)− d(xt+1) | xt = x] ≥ 2d(x)

n
.

Lemma 13 (Average time spent in the slope towards a local
maximum). Let x0 ∈ {0, 1}n such that ∥x0∥1 < n−m and
T0 = inf{t ≥ 0 | ∥xt∥1 = n −m} be the time taken by the
MMAHH to reach a local maximum of JUMPm, starting in
(x0, s) with s ∈ {OI, AM}. Then

E[T0] = O

(
(n− ∥x0∥1)(1 + pn)

(
1

p
+

1

q

))
,

provided that m
2(n−2m)

(
q + 4

n

)
≥ p and n ≥ 3.

In particular, if ∥x0∥1 = n−m− 1, then

E[T0] = O

(
m(1 + pn)

(
1

p
+

1

q

))
.

Lemma 14 (Average time to climb towards a maximum).
Let T1 = inf{t ≥ 0 | xt ∈ X∗} be the time taken by the
MMAHH starting with (x0, OI) to reach x∗ or a local max-
imum of JUMPm then

E[T1] = O

(
n(1 + pn)

(
1

p
+

1

q

))
,

provided that m
2(n−2m)

(
q + 4

n

)
≥ p and n ≥ 3.

We can now prove the main theorem of this section.

Proof of Theorem 7. The overall runtime of the MMAHH
can be split in two times T1 and T2 such that T = T1 + T2,

T1 = inf{t ≥ 0 | xt ∈ X∗},

and T2 is the time, starting in a local maximum of JUMPm (if
it happens), to reach x∗. First, by Lemma 14 we have

E[T1] = O

(
n(1 + pn)

(
1

p
+

1

q

))
,

and it remains to upper bound E[T2]. Of course, T2 = 0 if we
already reached x∗ during the first phase. Now, assume we do
not, and hence, we are in some local maximum of JUMPm,
i.e., some x ∈ {0, 1}n such that ∥x∥1 = n − m. We then
define excursions that start upon leaving layer Lm (the set of
local maxima of JUMPm) and end either when we come back
to this set of local maxima in Lm (in case of a failure) or
when we reach x∗. As every excursion starts in state AM, the
number N of such excursions can be upper bounded by the
number N∗ of phases of AM needed to reach x∗ from layer
Lm. By Lemma 11, this can be bounded by

E[N ] ≤ E[N∗] ≤ nm

m!(1− q)m−2
.

Then, if we denote by ei the i-th excursion and by λ(ei) its
length, , i.e., the time of the excursion ei, we can write

T2 = Tw
0 +

N∑
i=1

(λ(ei) + Tw
i ),

where Tw
i for 0 ≤ i ≤ N is waiting time between each ex-

cursion (Tw
N = 0 and Tw

0 is the time before the first excur-
sion starts). These waiting times can all be bounded from
above in expectation by 1

p since only the OI operator can
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be stuck in this set of local maxima of JUMPm. Now, we
can split the excursions into two families: the left-excursions
(starting with the move from n − m to n − m − 1) and the
right-excursions (beginning with the move from n − m to
n −m + 1). Given an excursion ei, where 1 ≤ i ≤ N , then
as all the left-excursions (resp. right-excursions) follow the
same distribution, we know that if ei is a left-excursion, by
Lemma 13 we have

E[λ(ei)] ≤ 1 +O

(
m(1 + pn)

(
1

p
+

1

q

))
= O

(
m(1 + pn)

(
1

p
+

1

q

))
,

and if ei is a right-excursion, from the proof of Lemma 14
and Lemma 12 we obtain

E[λ(ei)] ≤ 1 +
n

2
= O(n).

Thus, as O(n) = O(mn) = O
(
m(1 + pn)

(
1
p + 1

q

))
we

conclude that

E[λ(ei)] = O

(
m(1 + pn)

(
1

p
+

1

q

))
.

Hence, by Wald’s theorem we obtain

E[T2] = E[Tw
0 ] + E

[
N∑
i=1

[λ(ei) + Tw
i ]

]

≤ 1

p
+ E[N ]

(
O

(
m(1 + pn)

(
1

p
+

1

q

))
+

1

p

)
= O

(
E[N ]m(1 + pn)

(
1

p
+

1

q

))
= O

(
nm

(m− 1)!(1− q)m−2
(1 + pn)

(
1

p
+

1

q

))
.

Finally, building on what we computed, we have

E[T ] = E[T1] + E[T2]

= O

(
(1 + pn)

(
1

p
+

1

q

)
Nn,m,q

)
,

where Nn,m,q = n+ nm

(m−1)!(1−q)m−2 .

4 Runtime Analysis of the MMAHH with
OnlyWorsening Acceptance on SEQOPT

We now state and prove the runtime of our MMAHH, which
uses a Markov chain to select either the OI or OW acceptance
operator, on the SEQOPT benchmark.
Theorem 15 (Runtime analysis of the MMAHH). Assume
p = Θ( 1

n log(n) ), q = Θ( 1
n log(n) ). Let k ∈ [0..(n − 2)] and

f ∈ SEQOPTk(d1, . . . , dk) where n > d1 > · · · > dk > 0.
If k = O(1) then, the MMAHH with OI and OW reaches
the global maximum at x∗ = (1, . . . , 1) of f in runtime T
with the expectation

E[T ] = O

(
nk+1

d1 · · · dk
log(n)

)
.

Proof. We will prove the desired result by induction on the
local optima dℓ for ℓ ∈ [1..k]. To do so we denote the first
hitting time of a local optimum at dℓ, by Tℓ. The inductive
hypothesis is then stated as follows,

E[Tℓ] = O

(
nℓ

d1 · · · dℓ−1
log(n)

)
. (1)

We first demonstrate (1) for the base case with ℓ = 1. We
denote by k∗1 the number of phases needed to first reach a lo-
cal optimum at d1, i.e., k∗1 = inf

{
k ∈ N | y

T
(k)
s

= d1

}
and

T1 the time taken to reach said local optimum. Here we up-
per bound E[T1] by assuming (y0, s0) = (n, OW). Since
for times t ∈ [0..T1] xt is confined to the slope, for which
yt ∈ [d1, n], with monotonic fitness value, our one-phase ap-
proximation in Lemma 6 applies and gives

E[k∗1 ] ≤
1

p0n
= O(1),

because p, q = Θ(1/n log(n)). Now, since

T1 ≤
k∗
1−1∑
k=0

Zk,

and, by Lemma 22, E[Zk] ≤ max
{

1
p ,

1
q

}
= O(n log(n)),

we can use Wald’s Theorem (see Theorem 17 ) to obtain

E[T1] ≤
1

p0n
max

{
1

p
,
1

q

}
= O(n log(n)),

as desired. This establishes (1) in the case ℓ = 1.
Now, for the induction step suppose that (1) is true for some

ℓ ∈ [1..k]. Without loss of generality, we assume that at dℓ,
the layer Ldℓ

is a set of local maxima of f (our argument
equally holds for local minima by exchanging OI and OW).
From these maxima, we define an excursion as a walk that
starts by leaving Ldℓ

and, either comes back to Ldℓ
without

having hit Ldℓ+1
(in case of a failure) or reach the new (un-

visited) set of minima at layer Ldℓ+1
(in case of a success).

We illustrate this situation in Figure 3, where failing excur-
sions are depicted in red and a successful excursion is shown
in green.

Since we assume layer Ldℓ
to be a set of local maxima of

f , the average waiting time Tw
i between the (i−1)-th and i-th

excursion is E[Tw
i ] = O( 1p ) = O(n log(n)), where the con-

stant does not depend on i. Further, let k∗ be the total number
of excursions before layer Ldℓ+1

is reached for the first time
and let ei be the i-th excursion of length λ(ei). Then, we have

Tℓ+1 = Tℓ +

k∗∑
i=1

(
Tw
i−1 + λ(ei)

)
,

where Tw
0 is the waiting time before the first excursion starts.

Now, among the excursions, there are those starting by ac-
cepting the flip of a one-bit (which we call the left-excursions)
and the others, starting by accepting a zero-bit flip (the right-
excursions). First, the length of any left-excursion can be
upper-bounded by E[Tℓ]. Second, as any right-excursion is
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L<dℓ+1L>dℓ
Ldℓ

Ldℓ+1
Ldℓ−1

toward x∗
y = f(x)

e2
e1

e3

Figure 3: Illustration of a function f : {0, 1}n → R with a set of lo-
cal maxima in layer Ldℓ where three kinds of excursions can occur:
a failing left excursion in red, the right excursion that fails to reach
Ldℓ+1 also in red and the successful one in green.

confined in the slope [dℓ+1, dℓ] where f is decreasing across
the layers Ldℓ

, . . ., Ldℓ+1
, our one-phase approximation in

Lemma 6 applies once more and gives, here for OW, that an
average number of O(1) right-excursions are needed in order
to reach layer Ldℓ+1

and the total length of all these right-
excursions is O(n log(n)).

Moreover, upon leavingLdℓ
, there is a probability dℓ

n (resp.
n−dℓ

n ) that the excursion will be a right-excursion (resp. left-
excursion) hence, the average number of left-excursions per-
formed before a right-excursion occurs is n

dℓ
thus the average

number of excursions needed is given by

E[k∗] = O

(
n

dℓ

)
,

using Wald’s theorem [Wald, 1944] in the simplified version
of [Doerr and Künnemann, 2015].

Finally, with Wald’s theorem again and using the induction
hypothesis on E[Tℓ], we obtain

E[Tℓ+1] ≤ E[Tℓ]

+ E[k∗]

(
O(n log(n)) +O

(
nℓ

d1 · · · dℓ−1
log(n)

))
= O

(
nℓ+1

d1 · · · dℓ
log(n)

)
,

since, for any i ∈ [1..k∗], we have

E[Tw
i−1+λ(ei)] = E[Tw

i−1]+E[λ(ei)] ≤ O(n log(n))+E[Tℓ],

where the left-hand side does not depend on i. The stated re-
sult hence follows by considering the case ℓ = k + 1 in (1),
where assumption k = O(1) implies that that the hidden con-
stant in (1), which is a O(1)k, is still a O(1).

The factor O(n log(n)) in the complexity derived in Theo-
rem 15 represents the expected time the MMAHH requires to
transition from one local optimum to a neighboring local opti-
mum. The other multiplicative factors, i.e., O(nk/(d1 · · · dk)),
can be interpreted as the time needed for a biased random

walk on the set of local optima, starting from (0, . . . , 0), to
reach the global maximum.

The generality of our SEQOPT benchmark allows us to
immediately extend our result in Theorem 15 to a variety
of known benchmark functions, for which the MMAHH ex-
hibits remarkable performance.
Corollary 16. Let p = Θ(1/n log(n)) and q = Θ(1/n log(n)).
Then, the runtime T of the MMAHH

(i) on JUMPm with m ∈ [2..n2 ] satisfies

E(T ) = O

(
n3

m
log(n)

)
,

(ii) on CLIFFd with d ∈ [2..n2 ] satisfies

E(T ) = O

(
n3

d2
log(n)

)
,

(iii) on CLIFFJUMPd,r,s with s ∈ N+, d, r ∈ [1..n2 ] with
r < d satisfies

E(T ) = O

(
n3

d(d− r)
log(n)

)
.

These results highlight the power of MMAHH: on CLIFFd
we incur only an extra O(log n) factor compared to the
MAHH’s O(n log n + n3

d2 ) runtime (using probability p =
1/((1+ε)n)) as stated in [Lissovoi et al., 2023], while achiev-
ing drastic speed-ups on JUMPm, reducing the O

(
n log n +

n2m(1+ε)m−1

(m2 m!)

)
bound of the MAHH, and similarly outper-

forming it on CLIFFJUMPd,r,s beyond the previously estab-
lished O

(
(d− r) (1+ε)rn2r+2

(r+1)2(r+1)!

)
result.

5 Conclusion
In this work, we proposed two new building-blocks for the
design of efficient move-acceptance hyper-heuristics. The
Markov chain-based selection of the acceptance operator in-
stead of the random mixing strategy used in previous theo-
retical works already with non-elaborate switching probabil-
ities like q = 1

2 greatly increases the rate of longer phases
of the non-elitist selection operator (AM or OW), which led
to provable significant speed-ups. The new OnlyWorsening
(OW) acceptance operator was designed to aid the heuristic
leave local optima. Used with the classic MAHH it gives
comparable results as AM but, together with the Markov se-
lection strategy it can lead to drastic speed-ups, e.g., poly-
nomial runtimes on all SEQOPTk functions, k a constant.
Both from the runtime guarantees proven in this work and
from the working principles visible in our proofs we are very
optimistic that our new building-blocks have a true potential
for improving the hyper-heuristics used today.

The presented MMAHH algorithm mixing between OI
and OW cannot traverse plateaus in the fitness landscape. The
extension of these acceptance operators to accept solutions of
equal fitness is an interesting direction for follow-up work.
Furthermore, our theoretical analysis suggests that the em-
pirical exploration of our proposed MMAHH is a promising
direction for future research.
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